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Abstract: The application of multiple criteria decision-making methods (MCDM) is aimed at choosing
the best alternative out of the number of available versions in the absence of the apparently dominant
alternative. One of the two major components of multiple criteria decision-making methods is
represented by the weights of the criteria describing the considered process. The weights of the
criteria quantitatively express their significance and influence on the evaluation result. The criterion
weights can be subjective, i.e., based on the estimates assigned by the experts, and the so-called
objective, i.e., those which assess the structure of the data array at the time of evaluation. Several
groups of experts, representing the opinions of various interested parties may take part in the
evaluation of criteria. The evaluation data on the criterion weights also depend on the mathematical
methods used for calculations and the estimation scales. In determining the objective weights, several
methods, assessing various properties or characteristics of the data array’s structure, are usually
employed. Therefore, the use of the procedures, improving the accuracy of the evaluation of the
weights’ values and the integration of the obtained data into a single value, is often required. The
present paper offers a new approach to more accurate evaluation of the criteria weights obtained
by using various methods based on the idea of the Bayes hypothesis. The performed investigation
shows that the suggested method is symmetrical and does not depend on the fact whether a priori
or posterior values of the weights are recalculated. This result is the theoretical basis for practical
use of the method of combining the weights obtained by various approaches as the geometric
mean of various estimates. The ideas suggested by the authors have been repeatedly used in the
investigation for combining the objective weights, for recalculating the criteria weights after obtaining
the estimates of other groups of experts and for combining the subjective and the objective weights.
The recalculated values of the weights of the criteria are used in the work for evaluating the quality
of the distant courses taught to the students.

Keywords: MCDM; the criteria of the weights; Bayes’ theorem; combining the weights; symmetry of
the method; IDOCRIW; FAHP; evaluating the quality of distant courses

1. Introduction

The Use of multiple criterion decision-making methods (MCDM) [1–3] allows a decision-maker
to choose the best alternative out of a number of the considered alternatives A1, A2, ..., An or to
arrange them according to their importance for the defined purpose. This may be the choice of the
best technological process out of the suggested versions, the comparative evaluation of economic,
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social or ecological situations in particular states or their regions, as well as the performance of banks
and enterprises, and the solution of many other similar problems. The MCDM methods are based on
using a decision-making matrix R = ‖rij‖ of the values rij of the criteria R1, R2, ..., Rm, describing the
considered process, and the vector Ω = (ωj) of the significances of these criteria, i.e., their ωj, where
i = 1, 2, ..., n; j = 1, 2, ..., m; m is the number of criteria and n is the number of the considered alternatives.
The values of the criteria rij can be represented by the statistical data, the estimates assigned by experts
and the values of technological or technical characteristics of the considered process. The influence of
the criteria on this process and their importance differ to some extent. However, the main idea of the
criterion weight evaluation is that, in fact, the most important criterion is assigned the largest weight
in any method used for criterion weight evaluation. The obtained weights are usually normalized as
follows: ∑m

j=1 ωj = 1.
The use of the MCDM methods is based on the integration of the criteria values rij and their

weights ωj for obtaining the standard of evaluation, which is the criterion of the method. This idea
is successfully realized by using the SAW (Simple Additive Weighing) method. The alternatives
performance level Si is calculated by [1]:

Si =
m

∑
j=1

ωj r̃ij, (1)

where ωj is the weight of the j-th criteria and r̃ij is the normalized value of the j-th criteria for the i-th
alternative [4,5].

The actual values of the criteria weights have a great influence on determining the importance of
the alternatives and choosing the best solution. Therefore, the problems associated with their estimates
are widely investigated both in theory and practice of MCDM methods’ application.

As mentioned above, the weights of criteria can be subjective and objective. In practice, subjective
weights determined by specialists/experts are commonly used. These weights are most commonly
used for solving practical problems. A large number of methods to determine the criteria weights
based on expert evaluation of their significance (weight) have been developed. These weights are most
important for assessing the results because they express the opinions of highly qualified experts with
extensive experience. The well-known approaches are the Delphi method [6,7], the expert evaluation
method [3], the Analytic Hierarchy Process (AHP) [8–10], the stepwise weight assessment ratio analysis
(SWARA) [6,11], the factor relationship (FARE) [12], and KEmeny Median Indicator Ranks Accordance
(KEMIRA) [13].

In the process of evaluation, it is also possible to consider the structure of the data array, i.e., the
criteria values, and to determine the actual degree of each criterion’s dominance, i.e., the so-called
objective weights of criteria. In contrast to their subjective counterparts, the objective weights are
not so commonly used in practice. They do not play an important role in this process, showing
the actual influence of particular criteria at the time of evaluation. The entropy method [14–18], the
LINMAP method [1], mathematical programming models for determining the criteria weights [19],
the correlation coefficient and standard deviation (CCSD) based on the objective weight determination
method [20], as well as the methods of Criterion Impact LOSs (CILOS) and Integrated Determination
of Objective CRIteria Weights (IDOCRIW) [4,5,18,21,22], the projection pursuit algorithm [23], a group
of correlation methods CRITIC (Criteria Importance Through Intercriteria Correlation) [24], and the
least squares’ comparison [25] are the well-known practically used methods. Combination weighting
is based on the integration of subjective and objective weighting [26–29].

Several groups of experts may take part in determining the weights of the criteria simultaneously.
Their estimates represent the opinions of the interested parties. The assigned weights of the considered
criteria also depend on the mathematical method used for calculations and the estimation scales.

A number of methods demonstrating the specific features of the data structure (a decision-making
matrix) are commonly used simultaneously for determining the objective weights. Therefore, the
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need arises for improving the accuracy of the obtained weights’ values, as well as the integration of
the estimates assigned by the experts of various groups and the objective weights obtained by using
various methods into an overall estimate. Moreover, to achieve the most accurate evaluation of the
criteria weights, the estimates of the objective and subjective weights should be combined.

However, the formal integration of particular weights’ estimates into a single value is not correct,
because according to the Kendall’s theory, the estimates would not be in agreement. This implies that
the theoretical grounds for integrating the particular estimates are required.

The authors of the present paper offer a method of weights’ recalculation, and the integration of
various estimates into a single one, based on the recalculation approach offered by Bayes.

The research procedure is presented in Figure 1, including combination of criteria weights
calculated by applying different methods and evaluation of courses by using four MCDM methods.
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The ideas suggested in this paper have been repeatedly used in the investigation for combining
the subjective and objective weights to evaluate the quality of the distant courses taught to the students.
These cases are described to show the potential of the method suggested in the paper. In solving the
particular practical problems, one of the procedures suggested in the paper may be used, depending
on the type of the problem as follows: the combining of the objective weights calculated by various
methods (IDOCRIW), as well as the recalculation of the objective weights assigned by one of the
groups of experts after obtaining the estimates of another group or, most often, the combining of the
subjective and the objective weights.

2. Integrating the Values of the Weights of the Criteria

The weights of criteria can be considered as random values. The estimates of the criteria weights
may vary, depending on the variation in the number of the members in the group of experts and on
its decrease or increase. Even one and the same expert can differently assess the criteria weights the
day after the first evaluation. The same weights of the criteria can be determined by various groups of
experts, who are more or less interested in the obtained results.

The so-called objective weights of the criteria assess the structure of the data array, i.e., the
decision matrix.

The elements of the matrix are also either the estimates assigned by the experts to the criteria for
the considered alternatives or the statistical data and randomly change in time. The weights of the
criteria, as well as the probabilities of the random values, range from 0 to 1. The Bayes’ theorem in
its application to the criteria weights may be interpreted so that these weights should be recalculated
when different criteria weights obtained by another group of experts or by using other evaluation
methods become available.

The criteria weights may be considered as a number of random values, making a complete set. In
fact, the sum of the criteria weights’ values is equal to one: ∑m

j=1 ωj = 1.
Besides, the criteria, describing the process evaluated by using multiple criteria methods (MCDM),

were chosen in such a way that they could reflect all major aspects and characteristics of this process.
Any other criteria were not used for solving the considered problem.

The Bayes’ equation [30] used for recalculating the criteria weights in this work was of the form:

ω
(

Rj/X
)
=

ω
(

Rj
)
ω
(
X/Rj

)
∑m

j=1 ω
(

Rj
)
ω
(
X/Rj

) , (2)

where ω
(

Rj
)
= ωj is the initial weight of the j-th criterion Rj; X denotes the event, when new criteria

weights are obtained; ω
(
X/Rj

)
= Wj denotes new weights of the criteria calculated by a different

method or by another group of experts; ω
(

Rj/X
)

denotes the recalculated criteria weights.
The Equation (2) applied to the weights of the criteria was of the form:

αj =
ωjWj

∑m
j=1 ωjWj

, (3)

where αj denotes the recalculated weights of the criteria.
In using the multiple criteria evaluation (MCDM) methods, the problem of combining the weights

of the criteria obtained by using various evaluation methods, or groups of experts, arises.
In these cases, the concept of the geometric mean is commonly used [16,31], though the arithmetic

mean or other ideas, helping to combine weights, can also be implemented.
Equation (3) is based on the concept of the geometric mean for integrating weights. It should be

noted that Equation (3) is symmetrical, which implies that the result obtained does not depend on the
fact, which estimates are original and which ones are the recalculated values.

The same idea was used for calculating the aggregate objective weight by using the IDOCRIW
method based on integrating the weights obtained by using the entropy and CILOS methods [18].
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3. The Methods Used for Determining the Weights of the Criteria

Various methods are used for determining the subjective weights of the criteria. Experts can assess
the importance (significance) of the criteria by using various evaluation techniques. They may include
the method of rating the criteria according to their importance and the direct evaluation of criteria,
when the sum of the obtained values is equal to one (or 100%), as well as the estimates obtained by
using various estimation scales.

The present study is based on using the method of the Analytic Hierarchy Process (AHP)
developed by T. Saaty and FAHP, which is an extension of this approach, taking into consideration the
uncertainly of the experts’ estimates. The methods of entropy, CILOS and IDOCRIW, were used for
determining the objective weights. The values of the obtained weights were recalculated using the
technique suggested by the authors, which is based on the method developed by Bayes.

3.1. The Method of Fuzzy Analytic Hierarchy Process (FAHP)

The methods AHP and FAHP [8,32,33] were used to determine the weights of the criteria.
The Fuzzy AHP method is suitable for determining the weights of the qualitative criteria, when

the experts evaluate the alternatives independently of the judgements of other experts. Each expert
performed the evaluation procedure applying a simple AHP method of pairwise comparison. The
matrix of the expert’s pairwise comparison was verified to check if the expert had not conflicted with
his/her own judgment. This facilitated obtaining the weights of the qualitative criteria in a more
precise way.

The weights of the criteria were determined by using the FAHP method described below:
Each expert performed pairwise comparison using the scale of the AHP method 1-3-5-7-9. The

concordance [8] of the data of the filled in pairwise comparison matrix was checked.
The concordance of the estimates provided by the experts of the whole group was assessed [34].
The matrix P̃ of the pairwise comparison data obtained from the group of experts, using the FAHP

method, was developed based on the particular elements pt
ij of the matrix, constructed using the AHP

pairwise comparison data obtained by experts, when t = 1, 2, · · · , T and T is the number of experts.
The fuzzy triangular numbers p̃ij = (Lij, Mij, Uij) of the elements of the pairwise comparison

matrix P̃ = ( p̃ij) based on the data provided by the experts’ group were calculated by using the offered
algorithm as follows [35]:

Mij =
∑T

t=1 pt
ij

T ,
Lij = min

t
pt

ij,

Uij = max
t

pt
ij.

(4)

Since the matrix is inversely symmetrical, p̃ji = p̃ij
−1 =

(
1

Uij
, 1

Mij
, 1

Lij

)
; p̃ii = (1, 1, 1).

P̃ =


(1, 1, 1) (L12, M12U12) . . . (L1m, M1mU1m)(

1
U12

, 1
M 12, 1

L12

)
(1, 1, 1) . . . (L2m, M2mU2m)

...
...

...
...

(1/U1m, 1/M1m, 1/L1m) (1/U2m, 1/M2m, 1/L2m) . . . (1, 1, 1)

. (5)

To determine the weights of the criteria based on the matrix of fuzzy numbers, the extent analysis
method suggested by Chang [36] was used. The value S̃j =

(
lj, mj, uj

)
referred to as the fuzzy

synthesis extension was calculated for each criterion:

S̃j =
m

∑
i=1

p̃ij ⊗
{

m

∑
i=1

m

∑
j=1

p̃ij

}−1

j = 1, . . . , m. (6)
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Each criterion j has the value S̃j expressed by a fuzzy number of the triangle. Then, comparing
the criteria (i.e., fuzzy numbers of the triangles), their probability levels (degrees) were determined.
The probability level was calculated as follows:

V
(

S̃j ≥ S̃i

)
=


1, if mj ≥ mi,

li−uj

(mj−uj)−(mi−li)
, if li ≤ uj,

0, while, in other cases,

i, j = 1, . . . , m; i 6= j. (7)

The smallest value of the probability level was calculated as follows:

Vj = V
(

S̃j ≥ S̃1, S̃2, . . . , S̃j−1, S̃j+1, . . . , S̃m

)
= min

i∈{1,...,m;i 6=j}
V
(

S̃j ≥ S̃i

)
, i = 1, . . . , m. (8)

The vector of the priorities of the fuzzy matrix wj was calculated by the equation:

wj =
Vj

∑m
j=1 Vj

, j = 1, . . . , m. (9)

The objective weights of the criteria were calculated using the Entropy method [17] and the CILOS
method [18,37]. The detailed description of these methods and their use are presented in the works of
the authors [4,18,21,22].

3.2. The Method Based on Using the Aggregate Objective Weights (IDOCRIW)

Using the idea of combining different weights into an aggregate weight [16,18], it is possible
to combine the entropy weights Wj and weights qj of the criterion impact loss methods as well as
connecting them to the objective weights of criteria for assessing the weights ωj of the structure of
the array:

ωj =
qjWj

∑m
j=1 qjWj

. (10)

These weights emphasize the separation of the particular values of criteria (entropy characteristic),
but the impact of these criteria is decreased due to the higher impact loss of other criteria.

The weights calculated in the entropy and the criterion impact loss methods were combined to
obtain the aggregate weights and then used in multi-criteria assessment for ranking the alternatives
and for selecting the best alternative.

4. The Applied MCDM Methods

For obtaining the relative estimates of the courses and demonstrating the application of MCDM
methods, such as TOPSIS (The Technique for Order of Preference by Similarity to Ideal Solution), SAW,
COPRAS (Complex Proportional Assessment) and EDAS (Evaluation Based on Distance from Average
Solution), which reflect the main ideas of MCDM approaches, were used in the work. They include the
calculation of the optimal distance from the best and from the worst alternatives, the combination of the
values and weights of the criteria for obtaining the qualitative estimate of the method, determination
of the degree of influence of the maximizing and minimizing criteria and taking into consideration the
optimal distance from the average estimate. The detailed description of the methods and their use are
presented in the works [16,28,38] as well as in the works of the authors of the present paper [39–44].

5. Expert Evaluation of Distance Learning Courses of Studies

As mentioned above, the main constituent parts of the MCDM methods are the values of the
criteria for the compared alternatives, i.e., a decision matrix, and the weights of the criteria describing
their importance [16,28,33].
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Relying on Belton and Stewart’s principles of the identification of quality evaluation criteria, these
groups of criteria were offered for all stages of the evaluation process. The first group of criteria aims to
evaluate the contents of the course of studies. The second group of criteria describes the effective use
of tools. The third group or criteria refers to teaching of the course [33]. At each stage, the evaluation
was made by a different group of experts. The total number of fifteen criteria was selected.

In the problem of assessing the quality of the courses of studies, the same criteria were considered
for each course. The experts, who were specialists in information technologies and lecturers from the
respective departments, teaching the courses in particular subjects (which had to be evaluated), as well
as students, attending the respective lectures and seminars, had chosen seven criteria for evaluating
the quality of the considered courses of studies.

These criteria were as follows: (1) The structure of the course; (2) The relevance of the material
of the course; (3) Testing the knowledge of students; (4) Presentation of the material of the course;
(5) Communication tools; (6) Readability and accessibility of the material of the course; (7) The practical
use of the course of studies.

5.1. Description of the Considered Criteria

Criterion 1. The structure of the course. A general structure of the course is clear. The presentation
of the material of the course is consistent. The material is presented in small amounts.

Criterion 2. The relevance of the material of the course. The presented material is relevant and
not outdated.

Criterion 3. Testing the knowledge of the students. The presentation of any new topic is followed
by the presentation of various tests, helping the students to learn the material. These tests are aimed
at checking the knowledge acquired by the students and providing feedback, allowing students to
test their knowledge at any time, whenever they wish, without the need for adapting themselves to
the timetable of the teachers. A clear and consistent system of testing the knowledge of the students
is presented.

Criterion 4. The comprehensiveness of the material of the course. The presented material is
easily understood.

Criterion 5. Effective communication tools. Easy and fast access to the learning material is
provided by the working group. Communication is secured by the availability of synchronous and
asynchronous means of communication. Video conferences present the instrument, allowing all the
students to connect to the system simultaneously during the examination period.

Criterion 6. Reading of the material of the course and its accessibility. Effective and fast data
communication. The appropriately selected video records’ format, quick access to the material, high
quality of video record and sound. The material is easily read, using well-known tools, and is accessible
without any additional connection sessions.

Criterion 7. The practical use of the course of studies. Having completed the course, the students
acquired knowledge, practical skills and competence required for their successful work.

The estimates of the criteria values for each course by teachers and students were used as decision
matrices. The subjective weights of the criteria were calculated by using the methods AHP and FAHP,
based on the estimates assigned by the teachers and students. The objective weights were determined
by using the entropy, CILOS and IDOCRIW methods. Their values were recalculated using the Bayes’
method described in the present paper.

5.2. Determining the Subjective Weights

Eight teachers and ten students took part in the evaluation of the criteria weights and quality of
the courses of studies. They filled in the AHP matrix of pairwise comparisons of the criteria and the
matrix of estimates of the criteria values against the scale of ten points. The values of the AHP matrix
filled in by one of the teachers (Table 1).
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Table 1. The AHP matrix filled in by one of the teachers.

Criterion Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Criterion 1 1.0000 2.0000 0.5000 0.2500 3.0000 5.0000 4.0000
Criterion 2 0.5000 1.0000 0.3333 0.2500 2.0000 4.0000 3.0000
Criterion 3 2.0000 3.0000 1.0000 0.5000 4.0000 6.0000 5.0000
Criterion 4 4.0000 4.0000 2.0000 1.0000 5.0000 7.0000 6.0000
Criterion 5 0.3333 0.5000 0.2500 0.2000 1.0000 3.0000 2.0000
Criterion 6 0.2000 0.2500 0.1667 0.1429 0.3333 1.0000 0.5000
Criterion 7 0.2500 0.3333 0.2000 0.1667 0.5000 2.0000 1.0000

The concordance degree of the estimates given in each filled in matrix was determined (the
concordance coefficient had to be below 0.10 [34]). After evaluation of the criteria describing the course
of studies, the ranking of the obtained results and determining of the concordance of the estimates
assigned by the experts of each group was made [34]. The judgments of the students were in agreement:
the concordance coefficient was W = 0.57, while the calculated criterion value χ2 = 34.03 was larger
than the value of the table equal to 12.59 (at the significance level value α = 0.05).

The estimates assigned by the teachers were also in agreement: the concordance coefficient was
W = 0.68, while the calculated criterion value χ2 = 32.41 was larger than the value of the table equal
to 12.59 (at the significance level value α = 0.05).

The values of the elements of the matrices calculated by the FAHP method, using Equations (4)–(5)
and based on particular AHP matrices for teachers (Table 2) are given below.

Table 2. The matrix filled in by the teachers using the method FAHP.

Criterion Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Criterion 1 1 1 1 0.3 1.5 3.0 0.3 1.7 4.0 0.2 0.9 3.0 1.0 3.3 7.0 2.0 4.8 6.0 0.3 3.4 5.0
Criterion 2 0.3 0.6 3 1 1 1 0.3 1.4 4.0 0.2 0.7 2.0 0.3 3.0 6.0 3.0 4.6 7.0 0.3 3.4 6.0
Criterion 3 0.3 0.6 4 0.3 0.7 3 1 1 1 0.3 0.6 2.0 0.3 3.2 5.0 3.0 4.8 7.0 0.5 3.3 6.0
Criterion 4 0.3 1.1 5 0.5 1.3 5 0.5 1.7 4 1 1 1 1.0 4.3 6.0 4.0 6.1 7.0 2.0 4.3 6.0
Criterion 5 0.1 0.3 1 0.2 0.3 3 0.2 0.3 3 0.2 0.2 1 1 1 1 0.3 2.8 6.0 0.2 1.9 5.0
Criterion 6 0.2 0.2 0.5 0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3 0.2 0.4 3 1 1 1 0.2 0.7 2.0
Criterion 7 0.2 0.3 3 0.2 0.3 4 0.2 0.3 2 0.2 0.2 0.5 0.2 0.5 5 0.5 1.5 6 1 1 1

The values of the parameters of fuzzy sets for teachers (Table 3) were obtained by using
Equation (6). The criteria weights assigned by teachers, which were calculated by using the FAHP
Methods (7)–(9), are given in Table 4.

Table 3. The matrix of the values S̃j = (lj, mj, uj) for teachers.

Criterion lj mj uj

Criterion 1 0.0303 0.2089 0.9056
Criterion 2 0.0323 0.1883 0.9056
Criterion 3 0.0331 0.1781 0.8744
Criterion 4 0.0553 0.2504 1.0618
Criterion 5 0.0131 0.0865 0.6246
Criterion 6 0.0114 0.0360 0.2316
Criterion 7 0.0142 0.0520 0.6714

Table 4. The values of the subjective weights of the criteria assigned by the teachers.

ω1 ω2 ω3 ω4 ω5 ω6 ω7

0.1647 0.1610 0.1587 0.1728 0.1341 0.0780 0.1307
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In Table 1, the results, obtained using pairwise comparison of seven criteria performed by one of
the teachers, are given. The scale 1-3-5-7-9 of the Saaty’s approach AHP [8] was used for comparison.

Using the algorithm for developing the matrix (5) of the FAHP method described in Section 3.1
and the estimates assigned by particular teachers, the matrix filled in by a group of teachers based on
using the FAHP method was constructed (Table 2).

Based on the data provided in Table 2, the values of S̃j =
(
lj, mj, uj

)
were obtained from

Equation (6) (Table 3).
The values of the criteria weights assigned by the teachers (Table 3) were obtained using

Equations (7)–(9) (Table 4).
According to the teachers, the important criteria, describing the preparation of the course of

studies of high quality, include a clear description of the material (ω4) and the structure of the course
material (ω1), as well as the relevance of the presented material (ω2). Table 5 provides the results of the
pairwise comparison of seven criteria performed by one of the students. The scale 1-3-5-7-9 presented
in the AHP method of T. Saaty was used for comparison.

Table 5. The AHP matrix provided by a student.

Criterion Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Criterion 1 1.00 0.50 2.00 0.20 3.00 0.33 0.25
Criterion 2 2.00 1.00 3.00 0.25 4.00 0.50 0.33
Criterion 3 0.50 0.33 1.00 0.17 2.00 0.25 0.20
Criterion 4 5.00 4.00 6.00 1.00 7.00 3.00 2.00
Criterion 5 0.33 0.25 0.50 0.14 1.00 0.20 0.17
Criterion 6 3.00 2.00 4.00 0.33 5.00 1.00 0.50
Criterion 7 4.00 3.00 5.00 0.50 6.00 2.00 1.00

Using the algorithm for developing the matrix (5) of FAHP method, which is described in
Section 3.1, and the estimates assigned by individual students, the FAHP matrix of the data provided
by a group of students was constructed (Table 6).

Table 6. FAHP matrix of the group of students.

Criterion Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Criterion 1 1 1 1 0.2 0.4 1.0 0.2 1.1 3.0 0.2 0.2 0.3 0.3 1.8 4.0 0.2 1.4 4.0 0.2 0.3 1.0
Criterion 2 1 2.7 6 1 1 1 1.0 2.9 6.0 0.3 0.6 1.0 0.3 4.0 6.0 0.2 3.3 7.0 0.3 1.0 3.0
Criterion 3 0.3 0.9 5 0.2 0.3 1 1 1 1 0.2 0.4 1.0 0.3 2.3 6.0 0.2 1.8 5.0 0.2 0.4 1.0
Criterion 4 3 4.5 6 1 1.6 4 1 2.7 6 1 1 1 2.0 5.0 7.0 0.5 4.2 7.0 0.3 1.6 4.0
Criterion 5 0.3 0.6 4 0.2 0.3 3 0.2 0.4 3 0.1 0.2 0.5 1 1 1 0.2 1.2 5.0 0.1 0.5 3.0
Criterion 6 0.3 0.7 5 0.1 0.3 5 0.2 0.6 5 0.1 0.2 2 0.2 0.8 5 1 1 1 0.1 0.7 5.0
Criterion 7 1 3.2 6 0.3 1 4 1 2.6 5 0.3 0.6 3 0.3 2 7 0.2 1.3 7 1 1 1

Based on the data presented in Table 6 and using Equation (6), the values of S̃j =
(
lj, mj, uj

)
were

obtained (Table 7).

Table 7. The matrix of the values S̃j = (lj,mj, uj) for students.

Criterion lj mj uj

Criterion 1 0.0120 0.0884 0.5581
Criterion 2 0.0224 0.2215 1.1682
Criterion 3 0.0133 0.1020 0.7788
Criterion 4 0.0491 0.2966 1.3629
Criterion 5 0.0115 0.0602 0.7593
Criterion 6 0.0116 0.0630 1.0903
Criterion 7 0.0229 0.1683 1.2850
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The values of the criteria weights based on the estimates assigned by the students (Table 7) were
obtained from Equations (7)–(9) (Table 8). According to the students, the important criteria, describing
a high-quality course, include clear presentation of the material (ω4), the relevance of the material for
reading (ω2) and the practical use of the acquired material (ω7).

Table 8. The values of the subjective weights of the criteria assigned by the students.

ω1 ω2 ω3 ω4 ω5 ω6 ω7

0.1201 0.1586 0.1336 0.1692 0.1270 0.1382 0.1533

5.3. The Calculation of the Objective Weights

The objective weights were calculated in the methods of entropy, CILOS and IDOCRIW, based on
using a decision matrix, i.e., the values of the criteria obtained for the compared alternatives. In the
considered case, the alternatives were the courses of various subjects, using the MOODLE system.
These courses were assessed by two different groups of experts: The teachers, who are specialists in
the subjects presented in the courses and the students, who learn the materials of these courses.

The objective weights of the criteria assigned by the experts of both groups, as well as their
aggregate IDOCRIW weights, were calculated separately and, then, the weights awarded by the
teachers were recalculated using the Bayes’ equation, when the estimates of the same criteria given by
the students, were obtained. Seven criteria were assessed. Similar to the case of the objective weights’
evaluation, a group of 8 teachers and a group of 10 students took part in the process. For calculating
the objective weights, the average estimates of the courses were used separately for each group. Five
courses of studies were evaluated, including discrete mathematics, mathematics 2, integral calculus,
operational systems and information technologies. The average estimates of the courses are given in
Table 9 (teachers) and in Table 10 (students).

Table 9. The average estimates of five courses by the teachers.

Courses Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Discrete
mathematics

Estimate 9 9.875 9.875 9.875 8.375 8.750 9.500
Place 4.5 1 1 2 4.5 5 4

Mathematics 2
Estimate 9 9.125 8.125 9.625 9.125 10 9.625

Place 4.5 4.5 5 3.5 1 2 3

Integral calculus Estimate 10 9.25 9.5 10 8.625 10 9.125
Place 1 3 2 1 3 2 5

Operational
systems

Estimate 9.75 9.75 9 9.5 8.75 10 9.875
Place 2 2 3.5 5 2 2 1

Information
technology

Estimate 9.125 9.125 9 9.625 8.375 9.75 9.75
Place 3 4.5 3.5 3.5 4.5 4 2

Table 10. The average estimates of five courses by the students.

Courses Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Discrete
mathematics

Estimate 9.3 8.6 9.6 9 7.9 8.3 9.2
Place 3 3 1 5 5 5 2

Mathematics 2
Estimate 8.9 9 9.4 9.1 8 9.7 8.9

Place 5 2 2 4 4 2.5 3

Integral calculus Estimate 10 8.1 9 9.2 8.7 9.9 7.2
Place 1 5 4 3 2 1 5

Operational
systems

Estimate 9.4 9.1 9 9.3 8.8 9.6 9.8
Place 2 1 4 1.5 1 4 1

Information
technology

Estimate 9.1 8.5 9 9.3 8.4 9.7 8.8
Place 4 4 4 1.5 3 2.5 4
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Using the data of Tables 5 and 6, the objective weights of the criteria (in the entropy and CILOS
methods) provided by the teachers and by the students were calculated. The aggregate objective
weights of criteria were obtained by using the method IDOCRIW. It should be noted that using
IDOCRIW is equivalent to using the Bayes’ Equation (3) for recalculating the entropy weights after the
calculation of the weights by the CILOS approach. The values of the weights are presented in Table 11.

Table 11. The objective weights of criteria calculated based on the estimates of the courses awarded by
teachers and students.

Experts Method Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

The weights
assigned by

teachers

Entropy 0.164 0.097 0.351 0.030 0.086 0.213 0.060
CILOS 0.073 0.173 0.097 0.207 0.153 0.192 0.105

IDOCRIW 0.093 0.130 0.264 0.047 0.101 0.316 0.049
The weights
assigned by

students

Entropy 0.079 0.087 0.038 0.008 0.094 0.194 0.501
CILOS 0.104 0.071 0.158 0.364 0.156 0.114 0.033

IDOCRIW 0.107 0.081 0.078 0.038 0.191 0.288 0.216

The objective weights of the criteria demonstrate their actual significance at the time of evaluation.
The estimates of the courses given by both the teachers and the students show good readability and
accessibility of the material of the courses. Based on the judgements of the students, it can be stated
that the material of the courses is relevant. According to the estimation of the courses by the teachers,
the testing of the students’ knowledge of the course material is well-organized.

5.4. The Recalculation of the Values of the Subjective Weights, Assigned by the Teachers, When the Estimates of
the Criteria Weights Awarded by the Students Are Obtained

The values of the subjective weights of the criteria assigned by the teachers were recalculated
using the Bayes’ equation when the weights of the same criteria were obtained by the students. The
results of the calculation were the aggregate subjective weights of the teachers and students. In Table 12,
the subjective weights assigned by the teachers and the students, as well as the generalized subjective
weights, are given. In the case, when the judgements of the groups of experts about the significance
of the considered criteria coincide, the overall estimate increases (for example, the estimates of the
criteria 4 and 2).

Table 12. The recalculation of the subjective weights’ values assigned by the experts based on using
the Bayes’ method.

Criterion
Teachers Students

ω(Rj)ω(X/Rj)
Recalculated Weights

ω(Rj) ω(X/Rj) ω(Rj/X)

Criterion 1 0.16472 0.12010 0.01978 0.13777
Criterion 2 0.16100 0.15858 0.02553 0.17779
Criterion 3 0.15874 0.13360 0.02121 0.14770
Criterion 4 0.17276 0.16922 0.02923 0.20358
Criterion 5 0.13414 0.12697 0.01703 0.11861
Criterion 6 0.07796 0.13822 0.01078 0.07504
Criterion 7 0.13068 0.15331 0.02003 0.13951

- - - 0.14360 1.00000

The aggregate objective weights assigned by the teachers and students, using the method
IDOCRIW (Table 11) were combined into generalized objective weights using the Bayes’ Equation (3).
The recalculated values of the objective criteria weights are given in Table 13.

In the case of the recalculated objective weights’ values, the significance of the criterion 6,
describing the accessibility and readability of the learning material, increased.
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The aggregate subjective weights (Table 12) were combined with the objective weights (Table 13)
using the Bayes’ approach (3). The values of the generalized weights are given in Table 14.

Table 13. The generalized values of the objective criteria weights.

Experts Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

The weights assigned
by the teachers 0.093 0.130 0.264 0.047 0.101 0.316 0.049

The weights assigned
by the students 0.107 0.081 0.078 0.038 0.191 0.288 0.216

The recalculated
weights 0.061 0.064 0.126 0.011 0.118 0.556 0.065

Table 14. The recalculation of the values of the subjective criteria weights, taking into consideration
the weights of the objective criteria, by using the Bayes’ method.

Experts Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Subjective weights 0.061 0.064 0.126 0.011 0.118 0.556 0.065
Objective weights 0.13777 0.17779 0.14770 0.20358 0.11861 0.11861 0.13951

Recalculated weights 0.0797 0.1079 0.1765 0.0212 0.1328 0.3958 0.0860

The subjective and objective weights reflect some different characteristics of the significance of
the criteria. Thus, the subjective weights show ‘the desired’ significance of the criteria, assigned by the
experts, while the objective weights reflect the actual weights of criteria at the time of evaluation based
on the values of the criteria. The obtained estimates do not usually correlate with each other. It is
natural that the most positive effect (or influence) of the criteria weights on the results of the multiple
criteria evaluation can be produced in the case of the obvious correlation between these estimates.
In this case, a noticeable agreement between the estimates can be observed for the criteria 6, 3 and 5.

6. Evaluating the Quality of the Course of Studies by MCDM Methods Based on the
Comparative Analysis

The weights of the criteria are used in MCDM methods for evaluating the compared alternatives.
In the present investigation, these methods were used for assessing the courses of studies (the quality
of the teaching materials). In the first case, the suggested algorithms for assessing their quality differed
because of the averaging of the initial estimates assigned to the courses by the teachers and students
and combining the weights of the criteria assigned by them (method of calculation). The averaged
data were used as a base for making the calculations by MCDM methods. In the second case, the
estimates assigned by the teachers and students were considered separately, while the calculations by
using the MCDM methods were made individually for each group, and, then, the obtained estimates
were averaged (method of calculation 2).

6.1. Method of Calculation 1

In this case, a decision matrix consists of the averaged estimates of the courses of studies assigned
by the students and teachers (Tables 9 and 10). These estimates were combined into their average
estimate (Table 15).

Five courses of studies were assessed by using the methods TOPSIS, SAW and EDAS, and the
values of the aggregate objective and subjective weights were obtained (Table 14).

The calculation results and the places of courses are given in Table 16.
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Table 15. The average estimates of five courses of studies assigned by the students and teachers.

Courses Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Discrete
mathematics

Estimate 9.15 9.238 9.738 9.438 8.138 8.525 9.350
Place 3 3 1 5 5 5 2

Mathematics 2
Estimate 8.950 9.063 8.763 9.363 8.563 9.850 9.263

Place 5 2 2 4 4 2.5 3

Integral calculus Estimate 10 8.675 9.250 9.600 8.663 9.95 8.538
Place 1 5 4 3 2 1 5

Operational
systems

Estimate 9.575 9.425 9.0 9.43 8.775 9.8 9.838
Place 2 1 4 1.5 1 4 1

Information
technology

Estimate 9.113 8.8135 9.0 9.463 8.388 9.725 9.275
Place 4 4 4 1.5 3 2.5 4

Table 16. The estimates of five courses of studies obtained by using method of calculation 1 of
MCDM methods.

Courses TOPSIS SAW-COPRAS EDAS The Average Estimates
of the Courses

Discrete
mathematics

Estimate 0.2619 0.1928 0.282
5Place 5 5 5

Mathematics 2
Estimate 0.7118 0.2003 0.637

3Place 3 4 3

Integral calculus Estimate 0.7734 0.2030 0.891
2Place 2 2 2

Operational
systems

Estimate 0.7787 0.2045 0.965
1Place 1 1 1

Information
technology

Estimate 0.7009 0.1994 0.535
4Place 4 3 4

The results obtained using the methods SAW and COPRAS were the same because all the criteria
were maximizing [26].

The estimates of the courses according to method of calculation 1 were the same for all MCDM
methods. The highest estimates were assigned to the course of ‘Operational systems’, while the lowest
estimate was awarded to the course of ‘Discrete mathematics’. The similarity of the estimates can be
attributed to the decrease in the uncertainty of the data due to the averaging of the considered data.

6.2. Method of Calculation 2

This method of calculation of MCDM methods was used to obtain separate estimates of the
courses, assigned by the teachers and the students. Their average values were assumed to be the
resultant estimate of the courses.

For this purpose, the subjective weights assigned by the teachers were recalculated after the
calculation of the objective weights of the same criteria. The values of the recalculated weights
assigned by the teachers are given in Table 17.

Based on the estimates of the courses assigned by the teachers (Table 9) and the recalculated
weights of the criteria assigned by the teachers (Table 17), five courses of studies were evaluated, using
the methods TOPSIS, SAW and EDAS. The calculation results are given in Table 18.

Table 17. The recalculation of the values of the subjective weights of the criteria assigned by the
teachers, using the Bayes’ approach, taking into consideration the values of the objective weights
of criteria.

Experts Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Subjective weights 0.1647 0.1610 0.1587 0.1728 0.1341 0.0780 0.1307
Objective weights 0.093 0.130 0.264 0.047 0.101 0.316 0.049

Recalculated weights 0.117 0.159 0.320 0.062 0.104 0.188 0.049
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Table 18. The evaluation of courses of studies by the teachers, using method of calculation 2 of the
MCDM methods.

Courses TOPSIS SAW-COPRAS EDAS The Average Estimates
of the Courses

Discrete
mathematics

Estimate 0.6860 0.2018 0.700
3Place 2 3 3

Mathematics 2
Estimate 0.2886 0.1934 0.164

5Place 5 5 5

Integral calculus Estimate 0.7522 0.2048 0.849
1Place 1 1 1

Operational
systems

Estimate 0.5720 0.2028 0.706
2Place 3 2 2

Information
technology

Estimate 0.4998 0.1972 0.351
4Place 4 4 4

The evaluation of the courses based on the data provided by the students was performed in a
similar way. For this purpose, the subjective criteria weights assigned by the students were recalculated
after the calculation of the objective weights of the same criteria. The recalculated weights’ values
assigned to the criteria by the students are given in Table 19.

Table 19. The recalculation of the subjective weights of the criteria assigned by the students, using the
Bayes’ equation, taking into consideration the objective criteria weights.

Experts Criterion 1 Criterion 2 Criterion 3 Criterion 4 Criterion 5 Criterion 6 Criterion 7

Subjective weights 0.1201 0.1586 0.1336 0.1692 0.1270 0.1382 0.1533
Objective weights 0.107 0.081 0.078 0.038 0.191 0.288 0.216

Recalculated weights 0.0920 0.0919 0.0746 0.0460 0.1736 0.2849 0.2370

Based on the evaluation of courses by the students (Table 10) and their recalculated criteria
weights (Table 19), as well as using the MCDM methods TOPSIS, SAW and EDAS, five courses of
studies were evaluated.

The calculation results are given in Table 20.
In the case of using method of calculation 2, the uncertainty of the initial data is much higher

because the estimates of the teachers and students differ to some extent. Therefore, the estimates of
the courses are different in these groups. However, the average estimates do not differ considerably
from those obtained using method of calculation 1. The highest average estimate was awarded to
the course of ‘Operational systems’, while the estimates of the courses of ‘Discrete mathematics’ and
‘Mathematics 2’ changed positions.

Table 20. The evaluation of courses of studies by the students, using the MCDM methods, and their
overall estimates obtained by using method of calculation 2.

Courses TOPSIS SAW-COPRAS EDAS
The Average
Estimates of
the Courses

Overall Estimate
(Place) of

the Course

Discrete mathematics
Estimate 0.4977 0.1937 0.197

5 4Place 4 5 5

Mathematics 2
Estimate 0.6638 0.2008 0.551

2–3 5Place 2 2.5 3

Integral calculus Estimate 0.4239 0.1955 0.291
4 2Place 5 4 4

Operational systems Estimate 0.8753 0.2091 0.984
1 1Place 1 1 1

Information
technology

Estimate 0.6632 0.2008 0.547
2–3 3Place 3 2.5 2
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7. Discussion

The MCDM methods are used for selecting the best alternative or arranging the alternatives in the
order of their significance under the condition of the absence of the alternative dominant over others
according to all criteria. The MCDM methods take into consideration the influence of the criteria on
the evaluated process or object and use scalarization of the criteria and their weights. Therefore, the
weight of the criterion plays an important role in making the solution.

Solving the decision-making problems is hardly possible without taking into consideration the
judgments of the highly qualified experts.

Therefore, experts in various fields of activities take part in the evaluation. Usually, these experts
have different opinions about the considered problems and their interest in the result of the choice of
the alternative also differs to great extent. A decision-making person may change his/her estimates,
taking into consideration the judgments of other groups of experts. This also applies to the evaluation
of the significance of various criteria.

There are two various approaches to determining the weights of criteria. They include the
subjective approach, based on the estimates assigned by experts, and the objective approach, assessing
the structure of the data array.

A great number of various methods of assessing the subjective and objective weights have been
offered. Each method has its specific features because it uses various concepts, mathematical equations
and approaches, as well as various estimation scales. However, none of the available methods is
universal or the best. Therefore, the need for integrating the estimates obtained by using some
particular methods into the overall estimate arises.

The formal integration of particular estimates into a single one is incorrect, because most probably,
according to the Kendall’s theory of concordance, the results would not be in agreement. Therefore,
the theoretical basis for using the method of integrating the particular estimates is required.

The experts’ estimates of the criteria weights may be considered as the random values, making
a complete set of events, with the sum of values equal to one. Thus, the possibility of using the
Bayes’ equation for recalculating the values of the criteria weights, when different values, yielded by
other evaluation methods or assigned by the experts of another group, are obtained. This provides a
theoretical basis for a wide use of the method of combining weights, obtained by employing various
methods, as the geometric mean of particular values.

The described method of combining the weights according to the Bayes’ approach has been
used several times in the present work for recalculating the values of the objective weights and the
integration of the values of the subjective and objective weights into a single value in the process of
their evaluation. The method offered in the paper may have a wide practical use in solving various
decision-making problems.

In solving the particular problems, various methods of combining the weights and the
recalculation of their values can be used, depending on the specific nature of the problems.

8. Conclusions

In multiple criteria decision-making methods (MCDM), the weights of the criteria, describing the
considered process or object, form one of two components of the evaluation of alternatives. Therefore,
in using these methods, the values of the criteria weights have a strong influence on the estimates.

The considered methods use the subjective and objective weights of criteria. The subjective
weights of criteria are calculated based on the estimates of the experts, while the objective weights
assess the structure of the data array. Each method has its specific features and reflects various
characteristics described by the criteria. Their integration for evaluating the significance of the
alternatives is of primary importance in the theory and practice of MCDM methods’ analysis
and application.

In the present study, the authors offer to consider the criteria weights as random values, making
a complete set. In this case, the equation offered by Bayes can be used for recalculating the criteria
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values, when the values of these criteria calculated by a different method are obtained. This allows
for combining the weights of the criteria, yielded by various methods and used for assessing their
significance, into a single estimate.

The suggested method of combining the criteria weights using the Bayes’ approach was repeatedly
used in the present study for recalculating the subjective weights of criteria assigned by one of two
groups of experts after the weights of these criteria assigned by the experts of the other group were
obtained. It was also used for recalculating the objective weights’ values and combining the subjective
and objective weights for obtaining the overall estimate.

The obtained result provides a theoretical basis for using a widely practically applied method
of combining the criteria weights, obtained by using various methods, as a geometric mean of
particular values.

In solving the particular decision-making problems, various methods suggested in the paper for
combining and recalculating the criteria weights can be used, depending on the specific character of
the problem and the available information.

The suggested method of recalculating the criteria weights based on the Bayes’ approach was
used in the work for assessing the quality of various courses of studies taught to students. The MCDM
methods such as SAW, TOPSIS, EDAS and COPRAS were used for evaluation.

The authors believe that the suggested new approach contributes to the solution of various
decision-making problems by providing a theoretical basis for combining the weights of criteria
obtained by using various MCDM methods and by demonstrating its practical application.
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the final manuscript.
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