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Abstract. The paper presents a mathematical model created for solving the problem of minimal volume design steel 
frame structures at shakedown. The shakedown and stability (for a part of the truss) constraints-conditions as well as 
the structure’s stiffness requirements (i.e. the restriction of displacements and deflections) are evaluated. Extreme en-
ergy principles of the deformable body mechanics, as well as shakedown and mathematical programming theories of 
elastic-plastic structures are used in the work for creating the structure’s volume optimization problem. Discretization 
is based on equilibrium finite elements with interpolation functions of internal forces. The elements are designed us-
ing HE, IPE, RHS steel profile assortments and considering dispersion of geometrical characteristics of profile as-
sortment sets. Optimal design of steel structures is realized by using the tool system JWM SAOSYS Toolbox v0.47 
created by the authors in MATLAB environment. A new analysis module EPSOptim-SD is also discussed. The possi-
bilities of the system SAOSYS are demonstrated by a numerical example of industrial building frame design with 
standard strength, stability and stiffness constraints. The assumption of small displacements is adopted in optimiza-
tion of nonlinear problems. 
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1. Introduction 

The mathematical model of minimal volume design 
of steel structure, which implicates plastic strains and is 
subjected to the varying repeated load, is created based 
on energy principles of the deformable body mechanics 
(Čyras 1983; Stein et al. 1993) shakedown of the struc-
tures and mathematical programming theories (Čyras et 
al. 1984; Lloyd 1990; Hachemi et al. 1997; Atkočiūnas 
1999; Staat et al. 2003). 

Varying repeated load (VRL) is a system of loads, 
which can vary independently. Optimization methodol-
ogy suggested by the authors also allows us to consider 
the influence of dead loads (i.e. evenly varying loads). In 
all cases, the load is treated as quasi-static, and VRL is 
described by the bottom and top bounds of varying loads 
rather than a particular loading history (i.e. by the law 
dependent on time t). In this work, only the deterministic 
formulation of structures’ optimization problems is ana-
lyzed. 

The structure adapted to VRL is safe in terms of 
plastic failure, but not always satisfies operation require-
ments, for example it may have unallowable deflections 
(STR 2.05.08. 2005; EN 1993-1-1:2005; Petkevičius et 

al. 2008; Raue et al. 2009). Therefore, not only strength 
(shakedown), but also stiffness conditions (Tin–Loi 2000; 
Atkočiūnas et al. 2008; Skaržauskas et al. 2009; Merke-
vičiūtė et al. 2006; Giambanco et al. 1994; Atkočiūnas et 
al. 2004) are included in mathematical models of plastic 
systems’ optimization problem in this paper. The stiffness 
conditions are usually realized by restraining deflections 
and nodes’ displacements of the structure (Kaneko et al. 
1981; Atkočiūnas et al. 1981, 1993, 2007; Kaliszky et al. 
2002). The evaluation of stability is also relevant to 
trusses (Mang et al. 2009; Kala 2005; Šešok et al. 2008; 
Žilinskaitė et al. 2009). The analysis and design of struc-
tures with plastic strains’ evaluation allows more effec-
tive use of its load-bearing capacities and creation of 
more economical projects (Aliawdin et al. 2009). There 
are still not many published works considering the prob-
lem of optimization of structures at shakedown with stiff-
ness and stability conditions. 

The structures are modeled by the bar equilibrium 
finite elements with interpolation functions of internal 
forces (Gallagher 1975; Kalanta et al. 2009). The ele-
ments are designed using HE, IPE, RHS steel profile 
assortments and considering dispersion of geometrical 
characteristics of profile assortment sets. The principle of 
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the main (leading) design geometry of cross-sections and 
the control-corrective (driven) geometry is used to realize 
the design of elements (Jankovski et al. 2008–2010). 
Idealization of distribution (expressed by approximation 
of mean curves) of geometrical characteristics of steel 
profiles determines the application of the objective func-
tion, which approximately expresses the volume of the 
structure. Similarly, the approximate minimization func-
tion of volume is well suited for practical application of 
the structures’ optimization principles. 

In general, the design task of volume minimization 
of steel structures, which is described above, is associated 
with the problem of nonlinear (and non-convex) mathe-
matical programming (NLP) (Bazaraa et al. 2004). The 
convergence of the problem is being achieved by an itera-
tive method, solving a number of nonlinear optimization 
problems. To simplify the solution of the NLP, the com-
plementary slackness conditions can be moved into the 
objective function. In such a way, the optimal solution, 
also satisfying the optimality conditions of Kuhn-Tucker, 
is found. 

Actually, the optimization problem of steel struc-
tures is realized by the modeling, analysis and optimal 
design system JWM SAOSYS Toolbox v0.47 created in 
MathWorks MATLAB 2009 environment by the authors. 
A special solution module SAOSYS / EPSOptim-SD is 
created for designing elastic-plastic structures subjected 
to VRL. The previous version of the architecture SAOSYS 
v0.43 (Jankovski et al. 2008–2010) was based on the 
database principle. Now, after a number of improvements 
made it has become a structurized hierarchical model of 
fully object-oriented components. The reconstruction of 
JWM SAOSYS Toolbox v0.47 enabled us to use new inte-
gration and development facilities applied in modern 
information technologies (Gamm et al. 1995; Riel 1996; 
Eckel 2000). Besides the structural part of SAOSYS sys-
tem, the graphical user interface (Fig 1) is created, which 
may be used in structural modeling, the control of prob-
lem solution and graphical interpretation of the results of 
analysis. 

The possibilities of the system SAOSYS are demon-
strated by a numerical example of industrial building 
frame design with strength, stability and stiffness con-
straints. The assumption of small displacements is 
adopted in calculations. 
 

 
Fig 1. Frame design model in SAOSYS system 

2. A general mathematical model of the structure 
optimization problem 

The elastic-plastic bar structures of known geometry 
subjected to varying repeated and dead loads are consid-
ered. In the case of one-time load F(η) = η⋅{Fi, i = 1, 2, 
..., m}, all loads Fi vary proportionally to one general 
multiplier η. Here, m is the number of degrees of freedom 
of the structure (DOF). The real structures are usually 
subjected to different, unrelated effects and their combi-
nations F(t) = {Fi(t), i = 1, 2, ..., m}, which vary in time t. 
Eliminating the loading history, the VRL vector F(t) may 
be described only by the bottom and top bounds Finf, Fsup, 
which are not related to the time t: Finf ≤ F(t) ≤ Fsup. 

The stress-strain state of the structure at shakedown 
depends on the loading history F(t). For example, the 
displacements of the elastic-plastic structure may be de-
scribed by the sum of elastic and residual components – 
u(t) = ue(t) + ur(t). When loading is given only by the 
vectors Finf and Fsup, it is possible to calculate only the 
bottom and top bounds of displacements range. There-
fore, in the case of VRL, only the bottom and top values 
of node displacements uinf, usup are used, such that 
uinf ≤ u(t) ≤ usup. The elastic displacements here can be 
calculated by the formula ue(t) = [K]–1F(t) (Gallagher 
1975; Wilson 2002). Meanwhile, the residual displace-
ments ur(t) of the structure at shakedown vary unevenly 
and various methods (Kaneko et al. 1981; Čyras et al. 
1984; Giambanco et al. 1994; Atkočiūnas et al. 1981; 
Lange–Hansen 1998; Kaliszky et al. 2002) were created 
to define the limit values of residual displacements ur,inf, 
ur,sup. Slightly simplified stiffness conditions (Atkočiūnas 
1999) are used in the mathematical model presented in 
this paper. Thus, the global displacement vectors of bot-
tom and top bounds are calculated as follows: 

 ,e inf sup inf inf supβ β⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦u F F , (1) 

 ,e sup sup sup inf infβ β⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦u F F , (2) 

where 

[ ] , , , ,; 0, 0inf sup inf i j sup i jβ β β β β⎡ ⎤ ⎡ ⎤= + − ≥ ≥⎣ ⎦ ⎣ ⎦ . (3) 

Here, [β] ≡ [K]–1 is the influence matrix of elastic displac-
ements; [K] is the stiffness matrix of the structure. 

Assume that the structure is subjected to μ (μ ≤ m) 
unrelated varying repeated loads and groups of loads. It is 
possible to create p = 2μ different load combinations, 
which compose the following final VRL combination 
matrix of the structure: 

 [ ] , 1, 2, ...,jF j p j J⎡ ⎤≡ = ⇔ ∈⎣ ⎦F . (4) 

The matrix of elastic internal forces of the structure 
is as follows: 

 [ ] [ ][ ], ,e e jS j J Fα⎡ ⎤≡ ∈ =⎣ ⎦S , (5) 

where [α] is the influence matrix of internal elastic 
forces. 
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In addition to VRL, the structures are also subjected 
to dead load Fc (e.g. selfweight). The vectors of elastic 
displacements and internal forces of the structure sub-
jected to dead load are as follows: 

 [ ],e c cβ=u F ,  [ ],e c cα=S F . (6) 

The structure is modeled by the equilibrium finite 
elements with interpolation functions of internal forces 
(Gallagher 1975; Kalanta et al. 2009). The finite elements 
of truss (LINK11) and frame (BEAM31) types are used 
for discretization. Yield and stability (truss elements) 
conditions are controlled at the nodes of the elements 
(Skaržauskas et al. 2009; Jankovski et al. 2010). The 
main characteristics Π0 of the elements’ cross-sections, 
such as, cross-section areas A0,k, k ∈ K11 for the truss 
elements and plastic resistance moments Wpl,y,0,k, k ∈ K31 
for the frame elements are optimized. In addition, based 
on the main (leading) Π0 and the control-corrective 
(driven) Π1 (Imin,k, k ∈ K11; Ak, k ∈ K31) principles of 
cross-section geometry, the elements are designed using 
HE, IPE, RHS steel profile assortments and considering 
dispersion of geometrical characteristics of profile as-
sortment sets. (Jankovski et al. 2008–2010). After de-
scribing the external effects, stress-strain state estimation 
features and the optimized parameters, a general mathe-
matical model of the structure optimization problem can 
be developed. The minimal volume of the structure will 
be set as an optimality criterion. 

The project of minimal volume V should be sought, 
when the optimality criterion is secured and strength, 
stiffness and stability (truss part) requirements are evalu-
ated. A general mathematical model for the problem of 
minimal volume of the structure is as follows: 

find min ( )0
T T

j j
j

V = ⋅ +∑L A Π λ φ  (7) 

subject to: [ ] [ ] 0 ,j jZ B j J= + − ≤ ∀ ∈φ λ Y Π 0 , (8) 

 j
j

=∑λ λ , (9) 

 ,j j J≥ ∈λ 0 , (10) 

 [ ], ,min e c e inf H≤ + +u u u λ , (11) 

 [ ], ,max e c e sup H≥ + +u u u λ , (12) 

 0 0,min≥Π Π . (13) 

The optimized parameters Π0 and the plastic multi-
pliers λj, j ∈ J are the unknowns of the problem (7)–(13). 
The mathematical model is composed of the nonlinear 
objective function (7) and the conditions-constraints: the 
linear inequalities (8, 10); the linear stiffness constraints 
(11, 12); the structural constraints (13). The aim of the 
optimization problem is to find the optimal distribution of 
the elements’ cross-section parameters Π0 of the struc-
ture, subjected to VRL and dead loads. The vector of 
parameters Π0 must secure safe work of the structure, 
which implicates not only elastic but also plastic strains. 
Thus, minimization is performed, when the configuration 

of the whole structure, physical characteristics of the 
material, the loading and the displacement vectors umin, 
umax of admissible variation bounds at the structure nodes 
are known (the latter are used for stiffness constraints’ 
verification). 

After considering the general character of the problem 
(7)–(13), the introduced denotations are discussed more 
particularly. In the mathematical model (7)–(13) L is the 
length vector of the structure’s elements; A(⋅) is the vector-
function of cross-section geometry conversion into the area 
of cross-section, when Π0,k: A0,k | Wpl,y,0,k; ϕj is the vector of 
values of yield conditions under the j-th point in the locus; 
ue,inf, ue,sup are the vectors of the bottom and top values of 
elastic displacements in the structure subjected to VRL (1, 
2); ue,c, Se,c are the vectors of elastic displacements and 
elastic internal forces in the structure subjected to the dead 
load (6); Π0,min is the vector of the minimal values of the 
cross-section parameters, which are optimized. In addition, 
such expressions of matrices are used: 

 [ ] [ ][ ]Z GΦ= ,  [ ] [ ],j eY j J SΦ ⎡ ⎤⎡ ⎤≡ ∈ =⎣ ⎦ ⎣ ⎦Y % , (14) 

 , , ,e e j e cS j J⎡ ⎤ ⎡ ⎤= + ∈⎣ ⎦⎣ ⎦ S S% . (15) 

where [Φ], [B] are the configuration matrices of the yield 
conditions of the structure; [H], [G] are the influence 
matrices of residual displacements and internal forces. 
The vectors of residual displacements and residual inter-
nal forces are as follows: 

 [ ][ ][ ][ ] [ ]
T

r A K Hβ Φ= =u λ λ , (16) 

 [ ][ ] [ ] [ ][ ]( ) [ ]
T T

r K A H K GΦ= − =S λ λ , (17) 

where [A] is the matrix of coefficients of equilibrium 
equations of the structure. Finally, state of the structure is 
described by the total elastic and residual internal forces, 
displacements and strains: 

, , , ,, ,j e c e j r j e c e j r j J= + + = + + ∈S S S S θ θ θ θ , (18) 

, , , ,,inf e c e inf r sup e c e sup r= + + = + +u u u u u u u u . (19) 

To simplify the solution of the NLP problem, the 
nonlinear complementary slackness conditions can be 
moved into the objective function. In such a way, the 
optimal solution, also satisfying the optimality conditions 
of Kuhn-Tucker is found (Atkočiūnas 1999). 

3. Design algorithm 

The design algorithm of the elastic-plastic steel 
structures is realized in the integrated system, composed 
of MATLAB software and SAOSYS system developed by 
the authors. A new analysis module EPSOptim-SD was 
created for designing such structures. Further, we will 
describe the main parts of the algorithm (Fig 2). 

Preliminary calculations. Before starting the solu-
tion of the structure’s optimization problem (7)–(13), 
these preliminary operations and calculations were per-
formed: 1. the finite element model of the structure was 
prepared; 2. the matrices of coefficients of equilibrium 
equations [Ak], k ∈ K of the separate finite elements and 
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assemblage matrix [A] of the whole structure were cre-
ated; 3. the external VRL and dead loads of the structure 
were collected to the respective vectors and matrices Finf, 
Fsup, [F], Fc of the bounds and combinations of loads; 
4. the vectors of the admissible bounds of displacements 
umin, umax were prepared; 5. the total length vector L of 
the sets of structural elements and the element length 
vector Lmax composed of the longest elements in the 
groups were created; 6. the edge values’ vectors Π0,min, 
Π0,max, Π1,min, Π1,max of the leading and driven geometry 
were created. 

Solving the optimization problem. To solve the 
optimization problem (7)–(13), we use an iterative ap-
proximation and begin with the highest geometrical val-
ues of the vectors Π0 = Π0,max, Π1 = Π1,max. 

• Step 1:  the design parameters Π0 and Π1 are as-
signed to the respective cross-sections of the fi-
nite elements (initialization of the elements’ 
cross-sections). 

• Step 2:  the interpolation procedure of the theo-
retical inertia moments Iy,k = Iy(⋅), k ∈ K31 of 
cross-sections is performed (Jankovski et al. 
2010) with respect to dispersion. 

• Step 3:  the stiffness matrices [Kk], k ∈ K of the 
elements are recalculated, and the stiffness ma-
trix [K] of the whole structure is assembled. 

• Step 4:  the influence matrices of the elastic in-
ternal forces [α] and elastic displacements [β] 
are calculated. 

• Step 5:   with reference to the conditions (3) the 
positive and negative members of the matrix 
[β] are selected (3). The vectors of elastic dis-
placements of the bottom and top values ue,inf, 
ue,sup of the structure subjected to VRL are cal-
culated. The vetor of elastic displacements ue,c 

of the structure subjected to the dead load Fc is 
calculated. 

• • Step 6:  the matrices of yield-strength condi-
tions [Φk], [Bk], k ∈ K of separate elements are 
recalculated and the whole structure matrices 
[Φ] and [B] are assembled. 

• Step 7:  the influence matrices of residual dis-
placements and internal forces [H], [G] (16, 17) 
and derivative matrices [Z], [Y] (14) of the 
mathematical model (7)–(13) are prepared. 

• Step 8:  the routine P1 solves one iteration of 
nonlinear mathematical programming optimiza-
tion problem (7)–(13). If the procedure of solv-
ing is successful (i.e. optimal solution is found), 

we have a new vector *
0Π  of parameters and a 

new vectors ,j j J∗

∈λ  of plastic multipliers for 

every point of the locus. 
If the solution fails (i.e. the admissible point and op-

timal solution are not found), the leading geometry vector 
Π0 is increased: 

( ) 0, 0,
0, 0,

0,0,

0,

1
, ;

2

, otherwise.

k k
k k

kk

k

k K

Π Π
Π Π ε

ΠΠ

ξΠ

′ −
′ + ≥

′= ∈ , (20) 

where *,
0, 0,

prev
k kΠ Π′ ≡  is the leading geometry vector of 

the previous successful iteration; ε is the relative thresh-
old of recurrent Π0,k increase (10–3 %); ξ is the partial 
ratio of Π0,k direct increase. The routine P3 corrects the 
driven geometry vector of cross-sections Π1; then, we 
return to Step 1. 
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Fig 2. The algorithm of optimal shakedown design of steel frame structures (SAOSYS / EPSOptim-SD solver) 
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•  Step 9: the routine P2 performs the adaptation 

procedure of the leading geometry vector *
0Π  

with respect to the strategy of optimization and 
convergence control. 

• Step 10:  the vectors of the total plastic multi-
pliers λ, the residual displacements ur and the 
residual internal forces Sr are calculated. The 
boundary vectors of true displacements uinf, usup 
and the matrix of combinations of  true internal 
forces [S] are calculated with reference to all 
points of the locus. 

• Step 11:  the routine P4 performs a correction 
procedure of the driven geometry vector Π1 
(Jankovski et al. 2010). 

• Step 12:  the structure’s volume V is calculated. 
This iterative process is performed until the 
above convergence condition of the problem is 
satisfied: 

 
0

0, 0,

0, ,

max 100%,
k k

max k

k K
Π

Π Π

ε
Π

∗⎧ ⎫⎛ ⎞′ −⎪ ⎪⎜ ⎟ ⋅ ∈ ≤⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

, (21) 

where 
0Π

ε  denotes convergence tolerance criteria of the 

leading geometry of cross-sections. 

4. Reconstructed SAOSYS system of structural 
modeling, analysis and optimal design 

The system JWM SAOSYS Toolbox v0.47 for Math-
Works MATLAB 2009 environment is presented as a pro-
totype of toolbox software for numerical research. Actu-
ally the system is intended for the analysis and optimal 
design of steel structures by the finite element method. 
The previous version of the architecture SAOSYS v0.40–
v0.42 was based on the database principle (Jankovski et 
al. 2008–2010). When some improvements were made, it 
became a structurized hierarchical model of fully object-
oriented components (Fig 3) (Riel 1996). The recon-
structed architecture of the system embraces: 1. the data-
bases of system registers and steel profiles’ assortments 
(DBs); 2. a general model of structure geometry and finite 
elements (ModelSpace); 3. the solving modules of analy-
sis and optimal design problems (Solvers); 4. the graphi-
cal user interface (GUI). The above reconstruction of 
SAOSYS enabled us to apply new integration and devel-
opment facilities widely used in information technologies 
now (Gamm et al. 1995; Riel 1996; Eckel 2000). In addi-
tion to the structural part of SAOSYS system, the graphi-
cal user interface was created, which can be used in struc-
tural modeling, the control of problem solution and 
graphical interpretation of the results of analysis (Fig 1). 

Model-Solvers ideology. The main parts of a gen-
eral structural model (ModelSpace), problem solving 
modules (Solvers) and collaboration ideology of the con-
sidered models will be discussed in detail below. 

A general model of the designed structure (Model) is 
divided into geometrical and finite element models. The 
optional geometrical model is defined by keypoints (Key-
points) and curves (Lines), and is intended for facilitation 

of continuous structures’ modeling and discretization by 
the finite elements. 

Meanwhile, the model of finite elements integrates 
all information about the types of the elements (Element-
Types) used for discretization, their cross-sections 
(CrossSections) (for bars only), the models of materials 
(Materials), the groups of the elements’ attributes (Re-
als), the nodes (Nodes) and the finite elements (Ele-
ments). Moreover, the parameters (Parameters) are in-
tended for parameterization of the model. All these 
components compose a general object model of the struc-
ture. The collaboration ideology of the components is 
shown in design pattern (Fig 4a). According to this ideol-
ogy, every finite element (FiniteElement) from the collec-
tion of the finite elements (FiniteElements) is described 
by: the material model with physical-mechanical charac-
teristics (Material), the element type (ElementType) and 
nodes (Node). Depending on the element type, the ele-
ment can also be characterized by a group of real attrib-
utes (Real) (e.g. the thickness of a continuous plane ele-
ment), and, in the case of the bar element type, by cross-
section (CrossSections). A general object model of the 
structure defined in this way gives the complete informa-
tion about the structure and is ready for being directly 
used in the SAOSYS solution modules (Solvers) of analy-
sis and design problems. 
 

SAOSYSApp

Registry

Sortiments

MainWnd

EPSOptim-SD

Model

Parameters

ElementTypes

CrossSections

Materials

StatAn_EPPSM

MixedLoads

Synchronizators

Constraints

DBs

GUI

Solvers

ModelSpace

Reals

Keypoints

Lines

Nodes

Elements
 

Fig 3. Object model of partially expanded JWM  
SAOSYS Toolbox v0.47 architecture 

A new solution module EPSOptim-SD (Elasto-
Plastic Structural Optimization at Shakedown) is spe-
cially created for design of the elastic-plastic steel struc-
tures subjected to VRL. The main components of this 
module (treated as the object (Fig 4b) are as follows: 1. 
the collection of loads MixedLoads is intended for col-
lecting the information about loads (i.e. nodal and dis-
tributed loads, dead and varying repeated loads), acting 
on the structure’s model (Model); 2. the synchronizers 
(Synchronizers) are intended for uniting and synchroniz-
ing separate VRLs into the load groups, which may be 
treated as a single effect (e.g. the modeling of wind ef-
fects); 3. the collector of information about stiffness re-
quirements of the structure (the constrains of node dis-
placements and deflections) (Constraints). 
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Fig 4. Design pattern relationships: a) ideology of the finite element model in SAOSYS v0.47; 
b) the structure of EPSOptim-SD solver and its collaboration with the finite element model 
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Fig 5. The framework of the system JWM SAOSYS Toolbox v0.47 for MathWorks MATLAB 2009 environment 

 

System framework. The present framework of the 
system JWM SAOSYS Toolbox v0.47 is composed of 79 
classes, most of them being derived from the superclass 
handle of MATLAB (Fig 5). The framework of SAOSYS 
classes is divided into the classes intended for a common 
purpose (common classes), which are autonomous and 
independent of the SAOSYS system architecture, and the 
classes intended for a special purpose (specialized 
classes), which compose the essential entirety of the ob-
ject-oriented system architecture and its components. 

The main class CSAOSYSApp of the SAOSYS system 
is not only the shell of the system architecture, but also 
presents the object-oriented application programming 
interface (API). Thus, the user of MATLAB can directly 
refer to the system SAOSYS in the process of problem 
modeling, solving or controlling a solution (Fig 6). 

The class CObject is the fundamental superclass of 
all SAOSYS objects. In particular, this class is the initiator 
of “Parent-Child” hierarchical conception development, 
and is responsible for correct construction and destruction 
of objects. That is particularly important in working with 
the collections (containers) of the objects. 

The created container class CContainerEx is in-
tended for collecting the objects of a specific type, and 
functioning based on the principle of the Element Alloca-
tion Table (EAT). This allows us to avoid memory reor-
ganization and redistribution of objects by copying and to 
achieve a high speed of adding the objects to container or 
removing them from it (which is relevant in the case of 
continuous structures with a big number of the finite ele-
ments). The most significant containers are as follows: 
materials (CMaterials), types of elements (CElement-
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Types), nodes (CNodes), the finite elements (CElements) 
and loads (CLoads). To add the object of different sub-
types (e.g. models of materials, finite elements of differ-
ent types, and different types of loads) to the above men-
tioned containers, a pseudo-pointer proxy class CPointer 
(i.e. a surrogate or placeholder object) is created. 

The superclass CEntity of graphically represented 
primitives was created for derivative classes of geometry 
primitives (CKeypoints, CLines), finite elements (CeFE) 
and loads (CLoads). The superclasses of materials (CMa-
terial) and problems’ solving modules (CSolver) are also 
important, though they are not discussed here. 

The framework of SAOSYS also has a group of 
classes (Window Support) created for modeling the 
Graphical User Interface (GUI). The improved objective 
orientation of GUI extends the facilities of MATLAB 
2009. On the basis of the integrated objects’ technology 
of compositing and embedding Microsoft ActiveX, the 
following new classes of control-components were cre-
ated: the tree-view as a hierarchical collection of labeled 
items (CTreeView), a list of images (CImageList), the bar 
of state (CStatusBar) and the control that contains a strip 
of tabs (CTabStrip). The system class (CMenu) as well as 
XML (eXtensible Markup Language) files are intended 
for modeling of windows’ menus. 

Now let us consider the user interface of SAOSYS. In 
the main window (CMainWnd) of the system the follow-
ing fields of the user interface can be mentioned: 1. the 
project manager of tree-view (CProjectManager), giving 
the main access to the data of project (i.e. to the general 
structural model, problem control and the results ob-
tained) and control; 2. the manager of property (CProper-
tyManager) giving access to the project data for modify-
ing; 3. in the field of pages (CMultiPage) the window of 
view (CViewPort) for visualization and working with the 
model interactively was intended (Fig 1). 

5. A numerical example 

Design structure. One-span industrial building 
frame is designed (Fig 7): elastic-plastic stage; the case of 
varying repeated load. The frames are placed along the 
building at a distance of L = 9.0 m. The elements’ mate-
rial is steel S275: E = 210 GPa, fy = 275 MPa. 

The frame is subjected to three varying repeated 
loads (μ = 3): 1. snow from the left [sL,inf = 0] ≤ sL(t) ≤ 
[sL,sup = 18.720] kN/m; 2. snow from the right [sR,inf = 0] ≤ 
sR(t) ≤ [sR,sup = 18.720] kN/m; 3. the united and synchro-
nized wind loads from the left and the right (a group of 
effects): 

(1)
,[ 0.842]L infw = −  ≤ (1) ( )Lw t  ≤ (1)

,[ 1.685]L supw =  kN/m; 

(1)
,[ 1.685]R infw = −  ≤ (1) ( )Rw t  ≤ (1)

,[ 0.842]R supw =  kN/m. 

In addition, the frame is subjected to the dead load 
of roofing 2.340cg =  kN/m. The own weight of the 

structure is not evaluated. 
The frame is modeled by using equilibrium finite 

elements (Fig 7). It consists of 11 nodes, 17 finite ele-
ments and nΠ0 = 8 design parameters R1–R8 (i.e. element 
cross-sections). The columns R1 are designed from HE 

type profiles. The truss top chord R2 is designed from IPE 
type of profiles, and the bottom chord and the grid R3–
R8 – from RHS profiles. 

The stiffness conditions of the structure are as fol-
lows: |u7x,max-min| ≤ 0.050 m, (u9y,max, u10y,max) ≤ 0.077 m. 

Optimization problem. A general characteristics of 
the optimization problem (7)–(13) of mathematical pro-
gramming are as follows: nonlinear objective function; 
unknowns nx = 2μ⋅nλ + nΠ0 = 23

⋅130 + 8 = 1048; linear 
constraints inequalities nlieq = 2092. The optimization 
problem belongs to a group of nonlinear mathematical 
programming problems (NLP). 

Structure modeling in SAOSYS system. The struc-
ture of finite elements (Fig 7) is modeled directly refer-
ring to the object-oriented application programming inter-
face (API) of the system SAOSYS (Fig 2). Thus, in 
MATLAB environment, the initial data and a batch file 
(BDF) is created for execution ( Fig 6). 

The main modeling stages are as follows: the initial 
data are defined (1); SAOSYS system is loaded (2); refer-
ences to the general structural model (Model) and View-
port are prepared (3, 4); the graphical user interface is 
opened (5); the global coordinates’ system is reversed 
(6); the types of finite elements for future use are defined 
(7, 8); the material and its characteristics are defined 
(9);  the designed cross-sections with references to steel 
profile assortments are defined (10–12); the nodes of the 
structural model are created (13–15); the type of finite 
element (BEAM31), the material model and cross-section 
for modeling are specified (selected) (16–18); the finite 
elements of type BEAM31 are created (19, 20); the type 
of finite element (LINK11), the material model and cross-
section for modeling are specified and the elements are 
created (21–24); the releases of element’s nodes (hinges) 
are declared (25, 26); the problem solving module EP-
SOptim-SD is selected (27); the roofing dead load gc is 
defined (28); the two varying repeated snow loads sL(t) 
and sR(t) are defined (29, 30); the two varying repeated 
wind loads wL(t), wR(t) are defined and synchronized to 

make a group of loads (1) ( )Lw t , (1) ( )Rw t  (31, 32); the 

boundary conditions (supports) are defined (33); the 
constraints of horizontal and vertical displacements are 
specified (34, 36). 

The results obtained. Structural design was per-
formed by using an iterative procedure. In general, 24 
iterations were made (Fig 10). As a result, optimal theo-
retical cross-sections (x*) were found. The profiles clos-
est to them are presented in the table (Table 1). The vol-
ume of the designed structure is V = 0.2041 m3. It is 
worth noticing that discrete optimization of the structure, 
which was not described in this paper, is also required to 
find the optimal discrete solution. 

An envelope diagram of bending moments M(t) of 
the structure subjected to VRL effect shows the distribu-
tion character of bending moments with reference to all 
points of the locus (Fig 9). The diagram of strength re-
serve of structural elements (Fig 11) shows the location 
of plastic hinges. The elements E{7, 9, 11, 16} are de-
signed under strength reserve state (i.e. plastic flow, or 
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stability loss in the case of LINK11 can be observed). 
The strength reserve of the elements E{8, 13, 14} is be-
low 5.0 % (the plastic hinges have not been formed yet). 
The displacements of the structure u7x,inf = –0.045 m, 
u7x,sup = 0.045 m, u9y,sup = u10y,sup = 0.077 m (Fig 8) show 
that stiffness requirements for the nodes of the structure 
are satisfied. 
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clear 
 
L        = 9.0;              % m 
g0       = 0.2*1.3*L;        % kN/m 
s0       = 1.6*1.3*L;        % kN/m 
w110     = 0.144*1.3*L;      % kN/m 
w120     = 0.072*1.3*L;      % kN/m 
 
App      = CSAOSYSApp(); 
Model    = App.Model; 
ViewPort = App.MainWnd.ViewPort; 
 
App.GUIOpen(); 
ViewPort.ReverseYDir(); 
 
Model.AddElementType(1, 'BEAM31'); 
Model.AddElementType(2, 'LINK11'); 
 
Model.AddMaterial(1, 'LEPI', 'EX', 210e6, 
    'NUXY', 0.3, 'SIGYT',275e3); 
 
Model.AddCrossSection(1, 'opt', 'HE'); 
Model.AddCrossSection(2, 'opt', 'IPE'); 
... 
Model.AddCrossSection(8, 'opt', 'RHS'); 
 
Model.AddNode(1); 
Model.AddNode(2, 18.0); 
... 
Model.AddNode(11, 16.5, -5.0); 
 
Model.SelectElementType(1); 
Model.SelectMaterial(1); 
Model.SelectCrossSection(1); 
Model.AddElement(1, 1, 3); 
Model.AddElement(2, 2, 7); 
... 
Model.SelectElementType(2); 
Model.SelectCrossSection(3); 
Model.AddElement(7, 8, 9); 
Model.AddElement(9, 10, 11); 
... 
hE = Model.Elements.Item(1); 
hE.HingeEndOn(); 
... 
EPS = App.SelectSolver('EPSOptim_SD'); 
EPS.AddPressure(3:6, g0); 
 
EPS.AddPressure(3:4, [0, s0]); 
EPS.AddPressure(5:6, [0, s0]); 
 
vhW = [EPS.AddPressure(1, [-w120, w110]); 
       EPS.AddPressure(2, [-w110, w120])]; 
EPS.Synchronize(vhW); 
 
EPS.AddNodalDisplacement([1 2], 'ALL', 0); 
 
EPS.AddNodalDisplacementConstraint(7, 'X', 
    -0.050, 0.050); 
EPS.AddNodalDisplacementConstraint(9, 'Y', 
    [], 0.077); 
EPS.AddNodalDisplacementConstraint(10, 'Y', 
    [], 0.077); 
 
ViewPort.ZoomExtents(); 

 

Fig 6. The initial sample data and a batch file (BDF): 
structural modeling by SAOSYS API in MATLAB 

Table 1. The calculated optimal theoretical cross-sections (*) 
and profiles closest to them 

Π0,k Π1,k 
 Profile 

Wpl,0,k⋅10–4, m3 Ak⋅10–3, m2 

R1: * 5.255 5.585 
 HE 200A 4.295 5.383 
 HE 240AA 5.706 6.038 
 HE 220AA 4.455 5.146 
R2: * 5.253 4.554 
 IPE A300 5.418 4.653 
 IPE 270 4.840 4.594 
 IPE O240 4.103 4.371 

 Profile A0,k⋅10–3, m2 Ik⋅10–7, m4 

R3: * 1.886 5.534 
 RHS 40×80×3 0.684 5.585 
 RHS 30×70×6 1.056 5.648 
 RHS 50×70×3.5 0.791 5.332 
R4: * 2.290 8.687 
 RHS 40×90×3.5 0.861 8.576 
 RHS 40×80×5 1.100 8.492 
 RHS 60×80×3.5 0.931 8.418 
R5: * 0.923 1.173 
 RHS 30×42×4 0.512 1.132 
 RHS 35×50×2 0.324 1.131 
 RHS 30×45×3.5 0.476 1.226 
R6: * 1.956 30.860 
 RHS 60×120×5 1.700 30.940 
 RHS 120×80×4 1.536 30.900 
 RHS 40×120×7 2.044 31.790 
R7: * 0.833 0.952 
 RHS 30×45×2.5 0.350 0.945 
 RHS 20×45×3.5 0.406 0.924 
 RHS 30×42×3 0.396 0.919 
R8: * 0.855 4.299 
 RHS 30×70×4 0.736 4.206 
 RHS 40×60×5 0.900 4.075 
 RHS 40×70×3.5 0.721 4.557 

Conclusions 

1. The shakedown theory of structures allows us to 
formulate the optimization problem of elastic-plastic 
structures in a general way and to estimate load 
combinations. One-time load is only a special case 
of VRL. 

2. The principle of the admissible fields of geometric 
characteristics of the assortment profiles (the opti-
mized leading geometry Π0 and the controlled 
driven geometry Π1) allows the design of the ele-
ments depending on the dispersion of geometric 
characteristics of the profile sets in assortments. 

3. The collaboration ideology of Model-Solvers of the 
object-oriented system SAOSYS allows us to use a 
general model of the finite element structures and to 
create new problem solving modules in the future. 

4. The SAOSYS system and its module EPSOptim-SD 
developed by the authors, which are aimed at de-
signing elastic-plastic steel structures under the re-
peated load of shakedown theory, can not take into 
account the probable stability loss of beam elements 
yet.
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Fig 7. A structural model discretized by BEAM31 and LINK11 finite elements 

 

u9y,sup = u10y,sup = 0.077 

u7x,inf =  −0.045 
u7x,sup = 0.045 

  
Fig 8. The diagram uΣ(t) of displacements of the struc-
ture subjected to VRL [m] 

Fig 9. The envelope diagram of bending moments M(t) 
of the structure subjected to VRL 
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Fig 11. Strength reserve diagram of structural ele-
ments 
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