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Abstract. This paper describes an analytical process that estimates the optimal operating of locomotive to minimise the 
energy consumption. Permanently rising energy prices and environmental concerns have made energy saving a high 
priority for transportation operators. The energy consumption is the determinant factor of rolling-stock operation total 
cost. Energy economy is one of the effective ways to reduce rolling-stock operating expenses. From a theoretical point 
of view, the problem of locomotive control’s energy efficient was formulated as one of the functions. Thereby, the 
principal simulation model of rolling-stock operations and tractive effort systems was suggested. The analytical solution 
gives the succession of optimal controls and equations to find the locomotive’s control change points. Most of the input 
data, such as track plan and profile, locomotive traction and braking characteristics, train speed limits and required trip 
time are estimated. As a result, a calculation algorithm for energy efficient locomotive control for an entire route or line 
has been developed.  
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1. Introduction 
 

At the present time, the main approach to energy 
savings for railways is through energy efficient design 
of locomotives and multi-units, effective reduction of 
resistance to the train movement, and proper 
maintenance of rolling-stock and tracks. Whereas, 
rising energy prices and environmental concerns 
make other energy saving approaches desirable, such 
as energy efficient train control for railways and, in 
the near future, for automated train operation systems. 
In other hand, the modern diesel locomotive ER20CF 
control systems have collected a large amount of 
information to ensure safety of train operations. 

According to the Transportation Energy Data 
Book (Davis, 2000), transportation share of US 
energy consumption is 28 %. Although the mode 
shares of rail transportation is small when compared 
to overall other modes, such as automobile, in terms 
of both passenger and goods moved and energy 
consumed. The share for energy cost may get even 
higher for the rest of world, especially in the 
developing countries where labour costs are 
re1ative1y low. In addition, there are other elements 
of operating costs, which are proportional to energy 
consumption, such as costs of maintenance of traction 
systems, etc. Therefore, transport operator – 
Lithuanian Railways, which operates a large fleet of 
traction rolling-stock, are very motivated to reduce 
the energy consumption.  

The locomotive control system has collected 
most of the information needed for computing the 
optimal controls on-board, because the same data are 
required to supervise operation safety. The 
information, such as track plan, track profile, running 
speed, traction and braking characteristics may be 
located in an on-board database. Temporary speed 
limits and required trip time can be transmitted via 
radio links. All it needs, for an automated train 
operation system, is appropriate algorithm for an on-
board computer that is capable of providing operating 
guidance to improve energy efficiency during the 
operation process.  

The objective of this paper is to present an 
analytical solution to the following optimisation 
problem: calculate optimum control parameters (i.e. 
traction and braking forces) which move a train from 
one given point to another in required time with 
minimum energy consumed. This solution shall take 
into account the following:  

1) constraints on traction and braking forces 
(i.e. maximum traction and braking forces), which are 
functions of velocity (Lidvinavičius and Lingaitis 
2007); 

2) constraints on train velocity (i.e. running 
speed limit), which is function of train coordinate; 

3) forces caused by vertical and horizontal track 
profile (Dailydka et al. 2008) (i.e. track grades and 
curves), which are functions of train coordinate. It is 
necessary to consider extreme profile elements such 
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as steep climbs (where a train cannot speed up even 
with maximum traction force) and steep descents 
(where it does not slow down with no traction power).  

The theory discussed below may be also applied 
to simulation of railways operations and traction 
power systems.  
 

2. Research environment 
 

From a theoretical point of view, the problem of 
energy efficient train control can be formulated as one 
of the problems of optimal control theory. The 
optimal control parameters, such as traction and 
braking forces, may be calculated for each train to 
satisfy conditions and restrictions on these controls 
and state variables, in this case, train position and 
velocity. The quality criterion is the energy consum-
ption for a required trip time. It is necessary to think 
about also another quality criterion, the total operating 
expenses for one trip. Although it consists of many 
elements, it may be presented, with reasonable 
accuracy, as a weighted sum of energy consumption 
and trip time. As written below, a common algorithm 
may be used for optimisation by both criteria.  

The calculation difficulties may be one of the 
reasons that have impeded the research in this field. 
However, there are significant results obtained by 
such scientists as Baranov et al., 1990; Howlett, 2000; 
Howlett and Pudney, 1995; Howlett and Cheng, 1997; 
Cheng et al., 1999; Howlett and Leizarowitz, 2001 
and in some others. In the beginning, solution of this 
optimisation problem was obtained using different 
simplifications such as linearization of controlled 
object. The most restricting assumption as that the 
external forces applied to the rolling-stock 
independent of its coordinate. This means that the 
track profile has a single grade between two stations. 
In reality, the track profile may consist of several 
elements with different grades. This approach also 
excludes extreme profile elements such as steep 
climbs or steep descents. These profile elements have 
a major impact on sequence of optimum controls. For 
this reason, application of results obtained under the 
constant grade assumption may be very limited.  

A solution for longer sections of variable grade, 
but without steep climbs and descents was presented 
by (Golovitcher, 1982). A complete solution of this 
problem, which includes varying grades (including 
steep climbs and descents) as well as speed restriction 
and variable restrictions on traction and braking 
forces, was presented in the research carried out by 
(Golovitcher, 1986 and Bureika, 2008). They found 
general rules for building sequence of optimal 
controls and necessary optimality conditions, which 
are used for calculation of moments where the control 
regime must be changed. Also, this theory has been 
presented in more detail, as a part of monograph 
(Baranov et al., 1990). Similar results have been 
obtained by (Khmelnitsky, 2000; Rongfang et al, 2003). 
However, the proposed calculation procedure includes 
integration of additional differential equation for a 

conjugate function, which is less effective than 
calculation by simpler algebraic optimality conditions 
found by (Golovitcher, 1986).  

The studies above are based on assumption that 
traction force is a continuous variable, i.e. it is 
possible to choose any value between zero and 
maximum. Another model with discrete control of 
traction force is considered in an extensive research 
by How1ett and his colleagues (Benjarnin et al., 1989; 
Howlett et al., 1995; Pudney and Howlett, 1994; 
Howlett and Cheng, 1997; Cheng et al., 1999; 
Howlett and Leizarowitz, 2001). Complete results, 
which include consideration of varying grades 
(including steep climbs and descents) and speed 
restrictions, were presented in their later publications 
(Howlett et al., 1995; Howlett and Cheng, 1997; 
Cheng et al., 1999; Howlett and Leizarowitz, 2001).  

Tractive effort is determined by a position of 
locomotive controller in discrete traction force model. 
The modern traction systems, however, may produce 
any traction force within power and adhesion 
restrictions, which is adequate to the continuous force 
model. In this paper, complete solution of 
optimisation problem for such model following some 
original sources is presented. The applications of 
these theoretical results in railways environment are 
also described.  

 

3. Mathematical model 
 

The motion of a vehicle is described by the 
following differential equations: 
 

)()()()()( 0 xwxwvwvbvf
dx

dv
Ribrtr −−−−= , (1) 

v
dt

dx
= , (2) 

 
where: v is velocity of train, km/h; ftr(v) is 
comparative tractive effort, kN/t; bbr(v) is comparative 
(per train mass unit) braking force, kN/t; w0(v) is 
comparative basic resistance to motion, kN/t; wi(x) is 
comparative external grade resistance force, kN/t; 
wR(x) is comparative external curve resistance force, 
kN/t; x is coordinate of vehicle, m. 

It is assumed that the functions in Formula (1) 
have the following properties:  

 
0)( >vw& , 0)( ≥vw&& , (3) 

0)()()()( 0 >+++ xwxwvwvb Ribr . (4) 

 
Inequalities (3) are based on the fact that the ma-

jor component of resistance to the motion is the aero-
dynamic resistance. Inequality (4) reveals the fact that 
vehicle could to stop at any coordinate on the line.  

It is obtained the optimality criterion:  
 

min)(
0

→⋅= ∫ dtvfvA
T

tr . (5) 
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Subject to constraint: 
 

)(xVv ≤  (6) 

 
and boundary conditions: 
 

0)0( xx = , 0)0( vv =  (7) 

TxTx =)( , TxTx =)( , (8) 

 
where: criterion A is a specific mechanical work of 
the tractive effort; V is the maximum allowable 
velocity which is a step function of coordinate x, 
km/h; x0 and v0 are the coordinate and the velocity at 
the beginning of the route; xT and vT are the coordinate 
and the velocity at the end of the route; T is duration 
of the journey, also given by the time table. 

The problem Formulae (5)–(8) can be presented 
in a form of an isoperimetric optimisation problem. 
Consider the phase trajectory v(x), which due to 
Formulae (1) and (2) satisfy the following equation:  

 

.
v

xwxwvwvbvf

dt

dv Ribrtr )()()()()( 0 −−−−
=  (9) 

 
Now, the problem Formulae (5)–(8) can be 

presented as: 
 

min))((
0

→+=⋅+= ∫ dx
v

L
vfTLAJ

Tx

x
tr , (10) 

 
subject to constraints (7) and (8) and boundary 
conditions: 
 

00 )( vxv = ; TT vxv =)( , (11) 

 
where L is an unknown Langrage multiplier. 

If optimal controls, which was found for a fixed 
value T, deliver minimum to the criterion J, variation 
dJ will be negligible in comparison with variations dT 
and dA in the proximity of T. So, multiplier L is equal 
to derivative of -A(T). It is obvious, that this function 
is declining for technically meaningful applications. 
Thus, let us assume that L is positive. It is possible to 
assume that the velocity is strictly positive 
everywhere on (x0, xT).  

One may want to optimise train control using the 
total operating costs per journey. With a reasonable 
accuracy, that costs of one trip are proportional to the 
mechanical work of the traction force (energy 
consumption, power equipment amortisation, etc.) 
and trip time (crew salary, passenger or goods 
delivery delays, etc.). So, minimisation of journey 
costs is equivalent to minimisation of criterion (10) 
where L is a ratio of the operating costs per time unit 
to the operating costs per energy unit. Hence, solution 
of problem (9) will allow optimisation of both 
criterions: energy consumption when journey time is 
fixed and total trip costs. The only difference being 

that, in the second case, L is a known constant, while 
in the first case, we need to find this value, which 
delivers the required trip time. Below, it is described a 
solution for the first problem having in mind that the 
similar methods would apply for operating costs 
optimisation. 
 
4. Clarification of solving problem 
 

It is applied, that the maximum principle to solve 
the problem Formulae (9–11) with constraints 
Formula (6). The equations for Hamiltonian H, the 
conjugate function P(x), and the function M(x) for the 
complementary slackness’ conditions are:  

 

))()()(( 0 xwxwvwbf
v

P

v

L
fH Ribrtrtr −−−−⋅+−−= ,

 (12) 

dx

dM

v

H

dx

dP
+

∂
∂

−= , (13) 

0)( =⋅−
dx

dM
Vv , (14) 

.
dx

dM
0≥  (15) 

 
Substitute P/v with p. Now Hamiltonian in the 

following form: 
 

v

L
wwwpbpfpH Ribrtr −++⋅−⋅−⋅−= )()1( 0 . (16) 

 
Therefore, the Hamiltonian is maximised by the 

following values:  
 

maxtrtr ff = , if 1>p , 

] [max ,0 trtr ff ∈  if 1=p , 

0=trf , if 1<p , 
 
and  
 

0=brb , if 0>p , 

] [max ,0 brbr bb = , 0=p , 

maxbrbr bb = , if 0<p . 

 
One can present these results as a set of five 

optimal train controls: 
1. Full power (FP). ftr = 1, bbr = 0, this train 

motion regime exists when p > 1. 
2. Partial power (PP). ftr may vary, bbr = 0, this 

train motion regime exists when p = 1.  
3. Inertia motion or coasting (C). ftr = 0, bbr = 0, 

this train motion regime exists when 0 < p < 1.  
4. Partial braking (PB). ftr = 0, bbr may vary, this 

train motion regime exists when p =0. 
5. Full braking (FB). ftr = 0, bbr = bbrmax, this 

train motion regime exists when p < 0.  
Using Formulae (13), (15) and (16), it is possible 

to find differential equation for p(x): 



G. Bureika, R. Subačius, M. Kumara / TRANSBALTICA 2009 

 31 

dx

dM

vv

L
w

v

P
b

v

P
f

v

p

dx

dp
brtr ⋅+−⋅+⋅+⋅

−
=

11
30&

&& . (17) 

 
If we have partial braking within some interval, 

then dp/dx = 0, and  
 

dx

dM

vv

L
⋅+−=

1
0

3
. 

 
This implies dM/dx > 0. In accordance with 

Equation (14), this may be possible only if v = V. 
Since V(x) is a step function, the partial braking may 
exist at steep descents only.  

If we have partial power within some interval, 
then also dp/dx = 0, and  
 

0
1

3
0 =⋅+−

dt

dM

vv

L

v

)v(w&
. 

 
If v < V, dM/dx = 0. The velocity is equal to the 

unique root vc of the equation: 
 

00
2 =−⋅ L)v(wv & . (18) 

 
If v = V, the left part of Equation (18) cannot be 

positive in accordance with inequality (15). Hence, 
the value V, in this case, cannot be higher than vc. 
Therefore, under partial power, the vehicle maintains 
a constant speed, which is equal to vc or V, whichever 
is lower.  

It is possible to identify the optimal controls 
either directly such as at full braking, full power, and 
coasting; or indirectly such as providing a constant 
velocity by applying partial braking and partial 
power. Therefore, for a complete solution we need to 
find the right sequence of these controls and the 
switching points where one optimal control will 
replace another.  

Train velocity at the switching moments should 
satisfy certain conditions. These conditions may be 
easily found by analyzing Equation (17). There are 
four possible cases of the optimal controls depending 
on the train velocity at the switching moment:  

1) when it is below the phase boundary V(x); 
2) when it is equal to V(x), which remains 

constant at that point;  
3) when it is equal to the value of V + after V(x) 

drops down;  

4) when it is equal to the value of −V  before 
V(x) jumps up. 

As was found above, partial braking may exist 
on steep descents only. For obvious reasons, partial 
power may exist anywhere except steep climbs or 
descents. Analysing the found switching graphs, one 
can determine conditions of existence of full power, 
coasting and full braking within (x0, xT). Let us 
assume that full power exists on an interval [a, b] 
where x0 < a < b < xT. Velocity at the beginning of 

this interval va ≥  vc if v(a) < V(a). At the end of this 
interval, v(b) < vc if v(b) < V(b) or v(b) = V(b) ≤  vc. 
So, for this interval, we have the following inequality 
between beginning and ending velocity values: 
v(a) ≥  v(b). That may be true only if this interval 
includes a steep climb. If speed at the beginning of a 
full power interval equals V+(a), there is a steep climb 
to the right of point “a” (otherwise, velocity may 
exceed the speed limit). Finally, there is no condition 

on v(a) if v(a) = −V (a) < V+(a). Hence, we have 
proved that full power may exist within interval (x0, 
xr) only in vicinity of a steep climb or at the end of 
speed limit zone where V(x) jumps up.  

Using the similar logic, it is possible to obtain 
conditions of existence for full braking and coasting. 
In particular, it is been found that full braking may 
exist only at the end of the route or to the left of a 
location where phase boundary V(x) drops down. 
Hence, the phase trajectory for full braking can be 
determined either by the boundary conditions or by 
V(x).  

Let us assume that we have full power or 
coasting on an interval [a, b] where x0 < a < b < xT. 
For computation purpose, g(x) will be a step function 
such that g(x) = gn within a sub-interval (xn – 1, xn). 
The interval [a, b] consists of N sub-intervals, so 
x0 = a and xN = b. Following the maximum principle, 
Hamiltonian H is constant within each sub-interval 
(xn – 1, xn). Writing its value at the beginning and the 
end of a sub-interval, we have: 
 

( ) ( ) ( ) ( )nnnnnn vfpvfvfpvf −
−

+
−− −=− 01110 ; (19) 

 

where ( ) ( )
v

L
vfuvf f +⋅=0 ; ( ) ( ) ( )vwvfvf 01 −= ; 

( )xvvn = ; 1=fu  or 0; −
np  and +

np  are values of 

function p(x) to the left and to right of xn. 
Let us assume that v < V everywhere on (a; b). In 

this case, function p(x) is continuous; so, +− = nn pp ; 

n = 1, …., N – 1. From N Formulae (19), we obtain: 
 

( ) ( )
( ) ∏∑∏

−

== −

−

= −
−

−=
1

11 1

1000

1

n

i
i

N

n nn

n
N

n
nba A

gvf

vfvf
App ; (20) 

 
where  pa = p(a

+), pa = p(a
–) and  

 
( )
( ) nn

nn
n gvf

gvf
A

−
−

=
−11

1 . (21) 

 
For full power, pa = 1 if v(a) < V(a) and pb = 1 

regardless of the velocity at point b since p(x) can 
have positive jumps only. Hence, if v < V everywhere 
on [a, b), Formula (20) is the sought optimamality 
condition in form of equality, which allows 
determining the optimal trajectory. If v(a) = V(a), the 
phase trajectory for full power is determined by this 
point. Function p(x) may have a positive jump at this 
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point, so 1≥ap . Hence, Formula (20) takes a form of 

inequality, which can be used as optimality check. 
Finally, if v(x) = V(x) somewhere within (a, b), this 
point must be the beginning of a steep climb or a 
point where V(x) jumps up. 

Hence, this location completely determines the 
optimal phase trajectory. In this point, function p(x) 

may have a positive jump, i.e. +− ≤ nn pp . Analysing 

the system of Formula (19), we can find that Formula 
(20) takes a form of inequality, which is also used for 
optimality check. Similar equations were developed 
for coasting (there are two equations: for coasting 
switching to full or partial power and for coasting 
switching to full or partial braking). These equations 
may take form of equality used directly for 
determining locations of switching points or they may 
take form of inequality used for optimality check 
when switching points are determined by railways 
profile g(x) and speed limit V(x). Therefore, Formula 
(20) is complementary optimality conditions, which,  

together with the equation of motion, provide a 
complete system for computing the optimal phase 
trajectory.  
 
7. Conclusions 
 

1. The method for calculation of energy optimal 
control for a rolling-stock moving along a identified 
route or line is presented.  

2. This method is avoided some simplifications 
such as constant track profile and train velocity 
restrictions on the route. 

3. Using the maximum principle is found a set of 
optimal controls and harmonising conditions of 
optimality.  

4. Fitting conditions, together with equations of 
locomotive motion, provide a complete system for 
calculating the optimal phase trajectory.  

5. The proposed method can be used for 
improving railways, especially traction rolling-stock, 
operation in Lithuania.  
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