
Proceedings of the 6th International Scientific Conference TRANSBALTICA 2009 

 123 

 

Vilnius Gediminas Technical University 
Transport Engineering Faculty 

J. Basanavičiaus g. 28 
LT-03224, Vilnius, Lithuania 

http://www.vgtu.lt/english/editions 

 
 
 

ELABORATION OF METHODOLOGY FOR CALCULATION OF TRACTION 
POWER-SUPPLY SYSTEM WITH THE HELP OF RENEWAL STREAM THEORY 

 
Valeriy Gennadievich Kuznetsov1, Gediminas Vaičiūnas2 

1 DIIT, Dnipropetrovsk, Ukraine, 
2 VGTU, Department of railway transport, Basanavičiaus g. 28, Vilnius, Lithuania 

E-mail: vaic@ti.vgtu.lt 
 
 
 

Abstract. For optimisation of voltage levels in busbars of traction substations, we suggest a methodology where flow of 
trains is seen as a fixed random stream with limited effect. This allowed obtaining analytical expressions for calculation 
of probability of emergence of train situations on a certain given section of track or time. 
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1. Goal and tasks of the development of calculation 

methodology 
 

One of the methods of power supply in the 
system of traction power supply is selection of 
optimal positions of tap switches of main transformers 
of DC traction substations. For the purpose one can 
use a device of dynamic programming. This method 
requires performance of repeated calculations of 
power-supply system of the section being optimised at 
different combinations of transformer tap switches. At 
the same time, the calculation of power-supply system 
parameters must be carried out with accuracy 
sufficient for optimisation. Because of various 
reasons, traditional calculation methods cannot be 
used to solve the formulated task. Therefore it is 
necessary to create a customised methodology for 
calculation of the power-supply system. 

Let’s examine the flow of trains as a flow of 
random events with limited effect, and the current 
consumption by electric locomotives – as non-fixed 
random process. Analytic calculation expressions for 
power-supply system parameters are shown for a DC 
system. When they are used for calculation of AC 
system, the corresponding values must be used in 
integrated form. Moreover, resistances of traction 
network elements must be accepted with due 
consideration of inductive interchange between 
traction network of parallel tracks. 

 
2. Flow of Trains – Renewal Stream 

 
The most convenient characteristic, defining 

flow of trains as flow of random events, is the 
distribution density of train-to-train interval, since it 
can be easily found experimentally. Selection of the 

most appropriate theoretical law describing the 
density received abundant attention in modern 
methods for calculation of power-supply system [1, 
2], since it determines accuracy of results at 
determination of system parameters. 

Experimental data have shown that the most 
appropriate of them is the logarithmic normal 
distribution law: 
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where ( )f t  – density of distribution of train-to-train 

intervals; µ – mathematical expectation of train-to-
train interval logarithms; ёσ  – standard deviation of 

train-to-train interval logarithms. 
When defining average and mean-square 

parameters of power-supply systems, one can use any 
theoretical laws on distribution of train-to-train 
intervals, which do not contradict statistical data. 
These parameters will not be significantly different at 
different laws. But for calculations of load discharges 
at the expense of random accumulations of trains in 
inter-substation zones significantly exceeding the 
average ones, the logarithmic normal law allows 
lesser errors than the laws suggested in [1, 2]. This 
fact can be explained by better approximation of 
logarithmic normal law to statistical information in 
the area of minor intervals (lesser than the succession 
time according to signals from automatic blocking). It 
should also be noted that binomial law generally 
forbids emergence of train-to-train intervals that are 
lesser than the succession time, which also contradicts 
the statistical information. 
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Values µ and ёσ , determining the logarithmic nor-

mal law (1), are defined by the following expressions: 
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where Т – mathematical expectation of train-to-train 
interval; vk  – coefficient of variation, which in turn is 

defined by: 
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where σ  is standard deviation of train-to-train 
intervals. 

In this way, for the logarithmic normal law it is 
necessary to obtain two parameters: mathematical 
expectation of train-to-train interval Т and standard 
deviation σ . Setting of mathematical expectation of 
train-to-train interval poses no difficulties, but for 
definition of parameter σ  we need to analyse a 
specific flow of trains. 

In design of new sections, performance of such 
an analysis is impossible; it is also undesired under 
operation of existing section. Therefore the present 
work employs σ  from a series of parameters that are 
more accessible for supposed users, and as a result, 
two probabilistic mathematical models for acquisition 
of σ  were suggested. For the first time such a one-
parameter model was suggested in [3]. The present 
article suggests a multi-parameter model, allowing to 
increase accuracy significantly. The model was 
obtained with the help of multivariate analysis device, 
by means of regression analysis of actual flow of 
trains with different density and different succession 
times, as given by automatic blocking devices, and 
different composition according to train type. It has 
the following form: 
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where N – daily average number of trains; θ  – 
succession time, as given by automatic blocking 
devices, min.; dN  – daily average number of freight 

trains; σ – standard deviation of train-to-train 

interval, min. 
Parameters of the model and their 95 % 

confidence limits, allowing assessment of accuracy, 
are shown in Table 1. 

Multiple correlation coefficient of the above-
suggested model is equal to 0,992, which shows its 
high quality. The most significant variable here is the 
daily average number of trains (partial F-criterion has 
the biggest importance). 

The obtained model (4) has a limited field of 
application – for flow of trains in trunk railway 
transport. Therefore, in analogous manner and on the 
basis of the same input data, a more universal model 
was obtained, which can be used also for 
determination of coefficient of variation of train-to-
train interval at description of flows of subway and 
urban passenger transport: 
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where N0 is maximum daily number of trains. 

For binomial law of distribution of train quantity, 
coefficient at N0/N is equal to one. For actual flow of 
trains, inequality of this coefficient to one is explained 
by the fact that dispersion of train-to-train intervals is 
determined not only by occupancy or pass of separate 
train paths of traffic, but also by difference of train 
movement speeds in the flow. It must also be noted 
that for binomial law in case of occupancy of all the 
train paths (N = N0) the coefficient of variation of 
train-to-train interval becomes equal to zero. 

In this way, the use of binomial law of 
distribution reduces the coefficient of variation of 
train-to-train interval in comparison to actual flow. 
The error increases at higher level of consumption of 
throughput capacity of section. 

Existing analytical methodologies of calculation 
of railway power-supply systems for accounting of 
irregularity of train flow employ probabilities of 
emergence, on a certain section, of different quantities 
of trains. Such a method does not allow taking into 
account variety of train positions in the K- train 
situation concerned, which prevents taking into 
account the effect of pass of composite trains. This 
limitation can be overcome by using conditional 
probability of train emergence. The condition, at 
which the probability is defined, is the presence of 
train in a certain fixed coordinate of track. 

 
 

Table 1. Results of Regression Analysis of Flow of Trains 

 

Variable 
Average value 
of coefficient 

Lower confidence 
limit 

Upper confidence 
limit 

Mean square error 
Partial F-
criterion 

N –0,2 –0,183 –0,216 0,0081 614 

1/ 2θ  131 45,2 217,7 41 10,2 

N/Nd  5,2 2,46 8,05 1,33 15,6 
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Let’s examine in greater detail the essence of 
train flow in railway transport. Probability of 
appearance of succeeding train depends on distance in 
respect of previous train, since signals of automatic 
blocking prevent excessive proximity of trains. 

 

 

Fig. 1. Range of scatter of variation coefficients of train-to-
train interval for different flows of trains: 

1 – regression equation for coefficient of variation of 
actual flow of trains; 2 – for binomial law of distribution 
 
This probability, however, depends only on 

distance to previous train and does not depend on 
trains that proceeded even earlier. According to [4], 
such a flow is a flow with limited effects ob the 
renewal stream. In addition to this, the flow is 
ordinary, since two and more trains cannot 
simultaneously be situated in one elementary section 
of track. It must be noted that this conclusion does not 
contradict the case of pass of composite trains, since 
they are positioned one behind another. Interpretation 
of composite train in renewal stream will be presented 
below. 

Let’s also accept an assumption on fixed nature 
of flow, i.e. that its density is constant in time. This 
assumption is not always true for flows of transport 
units. For example, intensity of movement of urban 
transport strongly depends on time of day. Train flow 
in railway transport is more fixed, but in certain 
sections one can also see diurnal irregularity. When a 
train flow has pronounced nonstationarity, we will 
present it in the form of limited sections of time, 
within which the flow can be seen as fixed. 
Calculation of power-supply system in this case 
should be made for all those fixed sections, and the 
results summarised. 

In this way, the train flow can be presented as 
ordinary fixed random flow of events with limited 
effect. To examine it, we used a device of renewal 
theory [5], which investigates the flows of that type. 

Determination of conditional probabilities of 
train emergence is based on employment of renewal 

density, which in the reliability theory is also known 
as parameter of failure flow. The said parameter is 
defined through density of distribution of train-to-
train intervals by solving the Volterra integral 
equation of second kind: 
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The equation (6) can be entered in different 

form, if it is necessary to define distribution density; 
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Physically, the renewal density represents a ratio 

limit of quantity of М flow elements on elementary 
section x∆  to length of that section at aspiration of 
x∆  towards zero, taken under condition that 

beginning of the section is distanced from the closest 
previous flow element at distance t: 
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Function ( )tλ  has equilibrium value Λ , which is 

determined as 
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Behaviour of function ( )tλ  strongly depends on 

coefficient of variation of train-to-train interval 
(Fig. 2). Limited values for ( )tλ  are the constant (9) 

for Poissonian flow, when effect is totally absent; 
succession of individual δ  – functions for regular 
flow (kv = 0), which are positioned in respect of each 
other at the distance of mathematical expectation of 
train-to-train interval. 

Equation (6) can be solved using different 
methods: analytical (for some simple functions 
describing distribution density), with the help of 
Laplace transformation and numerically. In case of 
logarithmically normal distribution, the above 
equation has no analytical solution, and therefore it is 
solved numerically in the present work. Below we 
provide algorithm for its numerical solution. 

According to the method suggested in [6], 
successive calculations are made according to 
recurrence relation: 
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Еill values of functions ( )tkλ  and ( )tk 1+λ  

coincide with required accuracy. As a null 
approximation we recommend taking the known 
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function ( )tf . Integration is replaced with summation 

by the trapezoidal rule, and in each step of successive 
approximation all the entirety of discrete values 
setting the function ( )tkλ  is used. In this case, with 

each approximation, the error of already defined 
values of function ( )tk 1+λ  increases the error of 

following points, which significantly slows down the 
process of convergence. 
 
a) 

 
b) 

 
c) 

 
d) 

 

Fig. 2. Parameter of flow at different coefficients of 
variation of train-to-train interval when N = 100: 

a) regular flow, kv = 0; b) kv = 0,15; c) kv = 0,35; d) the 
simplest flow, kv = 1 

 
Taking into consideration the shortcomings of 

method [6], in the Department of Railway Power 
Supply of the Dnepropetrovsk National University of 
Railway Transport, Cand. Sc. Pochaevets E.S has 
elaborated algorithm for incremental solution of 
equation (6), according to which successive 
calculations are made separately for each point of 
function ( )tk 1+λ . After replacement of integration 

with summation under trapezoidal rule, the integral 
equation in its discrete form shall be as follows: 
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where Н(і) = 1 when і = 0; Н(і) = 2 when і > 0; n – 
sequence number of point of function ( )tkλ ; t∆  – 

step of time partitioning. 
After some simplifications of (10) we obtain the 

following equation: 
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where ( )FSn  ,Λ=  is scalar product of vectors. 

Vectors Λ  and F  have the following structure: 
 

( ) ( ) ( )[ ]tftftnfF ∆∆⋅∆⋅=  ,22 ..., ,2 , 

( ) ( ) ( )( )[ ]tnt ∆⋅−λ∆λλ=Λ 1 ..., , ,0 . 

 
For convenience of calculation in (11), we can 

distinguish the constant component. Then 
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then from equation (12) we obtain recurrent sequence 
of solutions: 
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Calculation under formula (13) does not employ 

the method of stepwise approximation of functions, 
and therefore it is considerably simpler than 
calculations under the known algorithm [7]. 
Analogously, the formula for solution of equation (7) 
is obtained. It has the following form: 
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2. Calculation of probabilities of emergence of 

train situations 
 
With the help of random-process theory [8], one 

can obtain analytical expressions for calculation of 
probabilities of emergence of K- train situations on a 
certain given section of track or time. The said 
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probabilities are intended for calculation of load 
discharges and their probabilities. 

Let’s assume a time span t, during which K trains 
would pass a fixed point of track with some 
probability. At the same time, the flow of trains 
passing the point is a renewal stream with a given 
density of distribution of train-to-train intervals f(t). 
The abovementioned probability can be conditional 
(train was in the beginning of interval t) and 
unconditional (beginning of interval t is selected 
arbitrarily and there is no information about time 
moment of passing of the last train before fixation of 
the interval). Then the conditional probabilities will 
be calculated according to the following recurrent 
recurrence relations: 
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t
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0 1 , φ⋅−τ+λ−=τφ ∫∗  

( ) ( ) ( ) ( )[ ] 1 , , 1
0

≥φ−φ−τ+λ=τφ −
∗ ∫ kdxxxxtt kk

t

k , (15) 

 

where ( )τφ∗  ,0 t  – conditional probability of absence of 

trains in time span t under condition that beginning of 
the span is taken in time τ  after passage of the last 

train; ( )τφ∗  ,tk  – conditional probability of emergence 

of K trains in span t under the same condition; ( )x0φ , 

( )xkφ are unconditional probabilities of emergence in 

span х of, accordingly, zero and k – train situation. 

Unconditional probabilities are determined by 
these expressions: 
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Figure 3 shows unconditional probabilities of 

emergence of k- train situations depending on length 
of span t, as obtained for train flows with train-to-
train intervals distributed according to logarithmically 
normal law with parameters Т = 14.4 min. (N = 100) 
and σ = 10 min. 

For evaluation of error of binomial law of 
distribution of train-to-train intervals, Table 2 shows 
corresponding probabilities of emergence of k- train 
situations in time span of 40 minutes for 
logarithmically normal and binomial laws of 
distribution, describing one and the same flow with 
intensity of 100 trains per day. In the field of bigger 
values, the probabilities have small differences, and 
the field of small ones they are significant. Thus at 
selection of law of distribution of train-to-train 
intervals one must take care that it corresponds to the 
actual flow over entire range of change of the train-to-
train interval. From this point of view, the most 
suitable is the logarithmically normal law. 

 

 

Fig. 3. Unconditional probabilities of K- train situations, N = 100 
 
Table 2. Probabilities of emergence of k- train situations 

Quantity of trains in span of 40 min.  

0 1 2 3 4 5 6 

Probability under logarithmically normal law 0,03 0,12 0,26 0,32 0,20 0,07 0,015 

Probability under binomial law 0,02 0,12 0,27 0,33 0,22 0,06 0 
 

t, min 
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3. Conclusions 
 
1. For determination of objective function at 

optimisation of load levels on substation busbars, a 
methodology was suggested where flow of trains is 
seen as fixed random flow with limited effect. This 
allowed to correctly take into consideration the effect 

of irregularity of train flow under any law of 
distribution. 

2. On the basis of statistical processing of 
experimental data, a series of regression relations was 
suggested, linking parameters of train flow and 
power-supply systems. 
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