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Abstract. Road traffic flows on a straight road segment are modelled in this article. The mathematical model
of traffic flows has been constructed by using the method of lumped parameters. CO,, CO, CH, NO,, PM regression
equations of internal combustion engines’ (ICE) emission has been developed. The accuracy of regression equations is
0.98+0.99. The article presents assumptions for constructing the mathematical model, description of the mathematical
model and gives simulation results. Traffic flow parameters, such as traffic flow concentration and traffic flow speed are
presented as modelling results. ICE emission depending on the concentration and traffic flow speed are presented as well.

Keywords: traffic flow, mathematical modelling, internal combustion engine, emission, numerical simulation,
fuel consumption.

1. Introduction ods of fuel consumption and engines’ emission measur-
ing as well as coeflicients of efficiency. Tanczos and Torok
(2007) investigated climate fluctuation changes and ener-
gy consumption in Hungary. The article presents the dy-
namics of climate and CO, change as well as energy con-
sumption in the Republic of Hungary. CO, emissions are
presented as well: 1 mol of diesel (198 g) yields 14 mol
or 616 g CO, and 1 mol (114 g) of petrol yields 8 mol
or 352 g CO,. Janulevic¢ius et al. (2010) presented the
methodology of determining energy consumption taking

Road transport is one of the main inland transport modes
providing house to house services for the people all over
the world. Each inland territory is criss-crossed by inter-
urban road and street network. Vehicle flows carry peo-
ple, distribute, industrial freight and work equipment on
these network elements. Majority of these road vehicles
are driven by internal combustion engines; therefore
besides practical use they also create a lot of problems,
such as air pollution with combustion products and par-

ticulate metter, noise, vibration, utilization of used oil into account engine’s capacity anq spec'iﬁc fuel consump-
and other materials, recycling of cars and their parts. tion. Wu and Liu (2011) in their article presented the
Cars consume a lot of energy; therefore when solving ~ methodology of calculating fuel consumption by taking
problems caused by them a lot of engineers and scien- into account such criteria as aerodynamic and rolling re-
tists put a lot of efforts to solve a wide range of problems sistance. Fuel consumption model was constructed and
starting from vehicle manufacturing to their utilization. ~ based on the neural network theory. Smit et al. (2008)

A lot of burning problems arise when cars are used presented and generalized three emission models, where
and here the main problems to be solved by both engi- the impact of congestions on motor vehicles’ emission is

neers and scientists are pollution reduction and energy
saving. When saving energy, cars become more environ-
ment-friendly. Various problems caused by vehicles are
discussed in the article written by Makaras et al. (2011).
The authors discuss vehicle dynamics in the flow, fuel
consumption, the impact of environment on the dynam-
ics of cars, touch upon the driver’s model and various
driving styles. Wang et al. (2008) presented various meth-

evaluated differently and present indicators to identify
transport congestions. The article also presents conges-
tion identification models. Jovi¢ and Pori¢ (2010) used
programming package PTV Visio to model traffic flows
on the urban street network and based on that present
vehicle emissions. Jakimavi¢ius and Burinskiené (2010)
investigated vehicle flow optimization methods and
their application possibilities when informing traffic us-
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ers about the situation in the city, and in their article
(Jakimavicius, Burinskiené 2009a, 2009b) presented the
rating system of the Vilnius city residential areas by us-
ing expert methods and pointed out the residential areas
with the highest traffic volumes of the city. Kliukas et al.
(2008) investigated the impact of vibrations caused by
vehicles on buildings with the aim to preserve cultural
values in the city of Vilnius. Frequencies 1.3 and 10.8 Hz
are presented as dangerous. Ziliiité et al. (2010) investi-
gated traffic flows and presented the data obtained on
high intensity streets of Vilnius city. Sivilevi¢ius (2011)
investigates the interaction of transport system elements
by taking into account traffic flow elements.

This article gives an example of applying mathemat-
ical models of traffic flows to simulate internal combus-
tion engine (ICE) emission. The article does not investi-
gate combustion reactions of ICE; however, it uses ICE
emission dependences on the vehicle’s movement speed,
which are developed by using the values of emissions.

2. Assumptions of Constructing a Road Segment

When describing traffic flows, a traffic lane is used as
a keyword. An assumption is taken that cars cannot
drive on an opposite traffic lane; therefore, the road is
split into separate traffic lanes and two-way roads are
described in the mathematical model as a separate one-
way road with one or several traffic lanes. In this model
a traffic lane segment is taken as a finite-length line,
which is divided into equal length segments the length
of which is L (Fig. 1). The parameters of a road segment
(traffic flow speed, traffic flow concentration or traffic
flow intensity) accumulate at the end points. The point
which connects two adjacent segments has a point com-
mon to both segments. The first and the last points of
a traffic lane under investigation are data entry points
at boundary conditions. Minimal and maximal values
of traffic flow parameters for each road segment are set
separately and may be different. Minimal values of traffic
flow speed and concentration are usually equal to zero.
Maximal possible value of speed is based on observa-
tions. Maximal permitted traffic flow concentration val-
ue may be calculated according to the following formula:

k= (1)
Lijn
where: n,,;, — a number of vehicles in segment (units),
L; ;11 — a road segment length (m).
Let us suppose that a road segment cannot be over-
filled. If a number of vehicles on a road segment reaches

i-n i-1 i i+1 i+n
O—>
Lisnjnt| - Lt Lijs1 « | Lisn-tj4n

Fig. 1. Transport flow model on a straight segment
of a traffic lane

an upper concentration limit, more vehicles cannot enter
this road segment. If a road segment is full, the value
of vehicles’ flow remains the same, increases or slightly
decreases, but is insufficient and the road segment ahead
remains overfilled, vehicles start accumulating on the
road segment subsequent to the full road segment.

Vehicle flow speed is limited as well. Each road seg-
ment has its own speed limit which can differ.

If the road has several one-way traffic lanes, an as-
sumption that there is one traffic lane, the concentra-
tion parameters of which are proportionally increased,
is taken in the simulation. This assumption enables to
connect several one-way traffic lanes into one and the
model becomes simpler because the migration of vehi-
cles from one traffic lane to another does not have to be
taken into account.

Traffic lane segments that are split in the model
are numbered L; ; ;, L;;; ; when i = 1...n, i - road point
number. (Fig. 2). Points at the ends of this segment are
merged with the ends of adjacent elements. The first
point of an element is equal to the last point of the pre-
ceding element, and the last point of an element is equal
to the first point of the subsequent element. Boundary
conditions of the task are entered on boundary elements,
the first point of the first element and the last point of
the last road element.

b) 1 2 3 4 5 6 7

D it e I> D
*>——e
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L Lijt
Fig. 2. Description of elements of a straight road:
a - two elements L; | ; and L;,, ;, are connected at point i;
b - a straight road segment drawn from several road
segments connected at points 1+7

Such points of boundary conditions (Fig. 2) are 1
and 7. At these points during the whole modelling time
the input and output system information is known.
Therefore, the value of the flow, which may be constant
or change according to the law known in advance dur-
ing the whole modelling time, is frequently entered into
the system.

3. The Mathematical Model for Description
of Traffic Flows and Internal Combustion
Engines’ (ICE) Emission

3.1. Mathematical Model of Traffic Flows

Equations describing traffic flows and the explanation
of equation members are presented in the paper of
Junevicius, Bogdevicius (2009). Hereinafter mathemati-
cal expressions are presented.

Mathematical expressions of traffic flow parameters
are described by the following formulae:

T e LR

‘max,i qmax,i—l
k.. (t A\t
pout,i(t)'rk,out,i'[I_L()J'{ ql( ) ].ki(t); )
kmax,i+1 qmax,i
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fi (ki+1,i)_Pout,i (t) “Tout _M X
i+1,i
ki(t) ]m2 [ "i(t)J
B ki (1) " (1)~ vi(t) .iy{kmmi ] Vmasi )
max,i+1 vmax,i

©)

where (for simplicity parameters are described without
indexes i-1, i, i+1): k(t), v(t) - sought traffic flow param-
eters: traffic flow concentration and speed; k,,,, — maxi-
mum possible flow concentration on a road segment
(veh/m); v, - maximum possible traffic flow speed on
the element (m/s); L — discrete road segment length (m);
T - time interval necessary for a traffic flow to cover
a road segment, the length of which is equal to L (s);
m;, m,, y — constants; g — traffic flow intensity (veh/s);
dmax — Maximum possible intensity of the flow (veh/s);
Tkin> Tkour — Values of function introducing the correc-
tion for flow concentration change expression; r,,;,,
T,out — function values introducing correction for flow
speed change expression (functions 7y ;. 7% ous i Trout
depend on the concentration and speed values and these
functions may have different values when the flow en-
ters and leaves the element); p;, (1), p,,(t) — probability
of the flow entering the segment ahead (function p;,(t),
Poui(t) values change in the course of time depending
on the concentration and flow speed values’ change or
may be introduced as handling functions; f(k;,;) the
function which depends on the unknown parameter k
(this function describes the condition of the road seg-
ment element preceding road point 7, i.e. it shows how
intensively loaded this traffic lane segment is):

i i

g g
s yz[l— ’;1 }si-sign(pow,i(t))-sign{l— ;*1 ],if €;>¢;,; and g;>0;
={e

0, in other case; (4)

€ = K . (5)

max,i

The functions obtained when flow parameters

change have the following advantages:

o both functions of parameters change in the
course of time and influence each other.

» specified empirical functions 7y ;.. T4 oup yins
*y,0up Which reduce sharp leaps of unknown pa-
rameters’ values are introduced.

« functions allow the concentration value to obtain
0 value and functions do not approximate to oo.

Members of the equation system (2) and (3) correct

the sought parameters of the flow speed and concentration.
: ki(t)

Equation (2) member 1-———+

max,?

fic flow concentration change speed at point ‘4. Equa-

describes traf-

273

‘max,i+1
fic flow concentration change at point ‘i+1’ and when

tion (2) member 1— describes the speed of traf-

traffic flow concentration on a traffic lane segment ahead
of point ‘7, in the direction of traffic flow movement, the
value of this member approximates to zero (element’s
loading approximates to the maximum possible concen-
tration on the segment). Therefore, a restriction which
does not allow to overfill a traffic lane segment element
is established. Moreover, when traffic flow concentration
at points " and ‘i+1” approximates to value k,,,,, con-
centration change speed decreases.

di-1 (t - Ti—l)

Equation (2) member describes

Imax,i-1

the condition of traffic flow on the segment preceding
point 7 in the direction of traffic flow movement. This
member describes the flow concentration increase or de-
crease at point 7’ depending on the flow intensity on a
traffic lane segment which precedes point ‘7. Time inter-
val 1, ; during which the flow travels from one point to
another is taken into account as well. This delay enables
to describe the movement of the flow from one point
to another more accurately in cases when the distance
between points is relatively big, and the flow movement
speed is relatively small. Such situation arises when a
traffic lane is divided into long segments, and the flow
movement speed is close to 0 m/s but is not equal to 0.
The longer the distance between points and the smaller
the flow movement speed on the segment are, the longer
the delay time is.

Equation (3) member M -vi(t) de-
i-L,i
scribes traffic flow acceleration at point ‘i-1" and its
impact on the flow speed at point ’; meanwhile mem-
lvi(t)+vi+l(t)
2 Lis
flow acceleration between points 4" and ‘i+1’. The latter
member also takes into account the flow condition at
the point subsequent to point 7" in the direction of the
flow movement. If traffic flow speed ‘i+1” decreases, the
speed at point 7’ decreases as well, and vice versus if
the speed at point 5+1° increases, the speed at point 7’
increases as well. m
kin (1)

max,i+1
traffic flow acceleration change between points ‘i’ and
‘i+1’. If vehicle concentration on the preceding traffic
lane segment is low, the value of the coefficient approxi-
mates to 1; when concentration is high, it approximates
to 0. Therefore, when concentration on the preceding
road segment increases, vehicle flow speed on road sec-
tion 7" decreases. ( )
1

ber -vi(t) describes average traffic

describes

Equation (3) member |1-—

Equation (3) member 1— does not allow the

max,i
system to overfill at point /> When flow concentration

value approximates to k,,,,, the value of the above-men-
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tioned member approximates to 0. Meanwhile, member

[_ziﬁfl_].e[Y3[;:iiisz}{’:iii]

v

takes into account the
max,i
number of vehicles at point 7’ and directly impacts on
the concentration value at point ‘7.

The number of vehicles on a traffic lane segment is
calculated according to the following formula:

N, = [ k(x)dx, (6)

where: x;, sz— boundary points of a traffic lane segment,
k(x) - traffic flow concentration on a traffic lane seg-
ment.
Change in the number of vehicles on a traffic lane
segment is described as follows:
At+t;

N (6)=N,(t)+ [ a,(t)dt, 7)

t
where: g;(t) - vehicle flow rate on traffic lane segment 7.
In the text below an example of applying the math-
ematical model of lumped parameters of traffic flows is

presented.

3.2. Equations for Description of ICE emissions

Modelling of automobile combustion products is rather
complicated. The authors Mansha et al. (2010) and Des-
combes et al. (2003) investigate processes occurring in
the internal combustion engine chamber in detail. The
articles present programming packages used to simulate
combustion processes and one can find out that the sim-
ulation of combustion processes is complicated and have
a lot of random parameters which may influence on the
simulation result. The most commonly used engines

were generalised and their emissions were measured by
autors (KTI - Institite for Trasnport Sciences) of docu-
ment UTMUTATO... (2006). The presented article con-
tains these experimental data used to describe engines’
emissions, which are presented in Table 1.

According to the statistical data presented by SE
‘Regitra’ (http://www.regitra.lt), the number of motor
vehicles registered in Lithuania are presented in Table 2.
Lithuanian (Lietuvoje jregistruoty... 2011) and Hungar-
ian (Markovits-Somogyi, Torok 2010) vehicle fleetcare
is very similar so for the modelling is used Lithuanian
vehicle fleet.

The data presented in Table 2 show that M1 and
N1 category vehicles, according to the data of 1 January
2011 (Lietuvoje jregistruoty... 2011), make up 95.11%
of registered vehicles; therefore, vehicular ICE emissions
measured at different vehicle movement speeds are used
for mathematical modelling (Table 1).

The dimensions of the values in Table 1 are meas-
ured in g/h and in g/km. The values from Table 1 are
converted from g/h to g/s and are used to build the re-
gression equations Figs 3-7. These functions describing
ICE emissions, which depend on one variable param-
eter, i.e. speed. Programming package Matlab was used
to write functions. The method of writing each function
is different because the curve which complies with the
most measured parameters was sought for.

Functions describing ICE emissions, coeflicients’
values, written functions and graphical expressions of
the measured values are presented in Figs 3-7. The com-
pliance of regression functions with the measured data
is 98-99% for all presented functions.

These functions are included in the mathematical
model of the road traffic flow and may be used when
forecasting or investigating road pollution dynamics.

Table 1. Automobile emissions dependences on vehicles’ movement speed (UTMUTATO... 2006)

L Passenger Cars Heavy Goods Vehicles
Speed Emission
kpm /h, measuring Emission factors for 2010 - forecast by the Hungarian dataset (2005)
units CO CH(FID) NO, PM Co, CO CH(FID) NO, PM Co,
0 g/h 69.5 4.975 2.11 0.357 1554 61.0 7.80 21.35 1.98 6631.5
5 g/km 13.90 0.995 0.422 0.0714 310.8 12.20 1.560 4.27 0.396 1326.3
10 g/km 11.00 0.900 0.416 0.0597 262.7 10.20 0.611 3.84 0.321 1040.0
20 g/km 7.12 0.714 0.394 0.0439 203.0 7.46 0.423 3.13 0.250 808.7
30 g/km 5.33 0.590 0.405 0.0351 171.7 5.86 0.285 2.83 0.221 716.5
40 g/km 3.97 0.435 0.411 0.0292 154.9 4.96 0.209 2.76 0.206 658.3
50 g/km 3.14 0.418 0.427 0.0255 148.0 4.18 0.166 2.73 0.195 635.6
60 g/km 2.37 0.416 0.486 0.0247 147.4 3.70 0.140 2.86 0.194 633.1
70 g/km 1.72 0.392 0.556 0.0249 151.0 3.18 0.125 3.13 0.191 660.2
80 g/km 1.52 0.379 0.623 0.0263 156.5 2.78 0.124 3.55 0.201 719.4
90 g/km 1.76 0.418 0.668 0.0286 165.6 3.17 0.126 4.13 0.227 822.6
100 g/km 2.07 0.433 0.724 0.0316 178.4 3.96 0.131 5.06 0.256 990.4
110 g/km 2.72 0.442 0.782 0.0345 194.3 - - - - -
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Table 2. The number of road vehicles registered in Lithuania (data of 1 January 2011)

N1 heavy goods N2 heavy goods N3 heavy goods

M1 . M2Ab . M3 b . Total
carlza(susrfﬁf)e " vehicles up to to 5t (l:liﬁisl)lp vehicles over 3.5 t up over 5 t 1(13151 ts) vehicles over 12 t (u;)li?s)
3.5 t (units) to 12 t (units) (units)
1734047 95930 7690 33628 7054 45651
1924000
MI1+N1= 1829977 M2+N2= 41318 M3+N3= 52705
95.11% 2.15% 2.74% 100%
x10* x 10
10 il | 751 NOX() =1 +p2v + 3t 4 pavis ||+ NOxvs.v| /|
CH(v) | +p5+2 + p6*v + p7 NOX(v) /
-g- ol CH(v) = a*exp(b*v) + c*exp(d*v) || '§' 7H /
= - B ) < p1=179-011; p2=-1.55e-009;
2 6l e 8383233 4= oopuet 2 6.5({ p3 = 4.849¢-008; p4 = -6.755€-007;
< s p5 = 5.052¢-0086; p6 = -2.216e-005; /
2 Goodness of fit: ‘5 6[1p7=0.0004461;
2 7t SSE: 7.006e-009 ®
= R-square: 0.9858 £55 o
> Adjusted R-square: 0.9805 o
T 6 RMSE: 2.959¢e-005 I 6 5 Goodness of fit:
3) > SSE: 3.088¢-010
5F 45 R-s_quare: 0.9986
g Adjusted R-square: 0.9968
¢ RMSE: 7.859¢-006
4 L I} 1 1 1 1 1 4 * = L L
5 10 15 20 25 30 5 10 15 20 25 30
speed, [m/s] speed, [m/s]
Fig. 3. Dependence of internal combustion engine Fig. 6. Dependence of internal combustion engine
CH emission on speed NO, emission on speed
3 -5
x 10 x 10
14
« COvs.v 7 + PMvs.vj
2 cow | \ PM(v)
E 10 \\ CO(v) = a*exp(b*v) + c*exp(d*v) | E 6 PM(v) = a*exp(b*v) + c*exp(d*v)
2_ a=0.01605; b = -0.1356; ¢ = 0.0001136; d = 0.09784 'g'_) \ a=7.547e-005; b =-0.1439; c = 8.332e-006; d = 0.0459;
c c
S 8 e - S5 Goodness of fit:
8 . CSoE & 0056.007 8 SSE: 1.865¢.012
£ 6 R-square: 0.9949 € \ R-square: 0.9992
o Adjusted R-square: 0.993 O 4 Adjusted R-square: 0.999
8 RMSE: 0.0003366 = \ RMSE: 4.828e-007
4 o e
\ . 3 > //
2 Tt g = — ] \

5 10 15 20 25 30 5 10 15 20 25 30
speed, [m/s] speed, [m/s]
Fig. 4. Dependence of internal combustion engine Fig. 7. Dependence of internal combustion engine
CO emission on speed PM emission on speed

0_3\ + CO2vs.v|| Regression equation and the function of the CO, emis-
T S — co2v) sions are shown in Fig. 5. Red line is negative when
= CO2(v) = aexp(b™v) + c'exp(d™V) speed is close to 0 m/s. There is some limitation used to
2025 a=0.2832; b =-0.1749; ¢ = 0.08385; d = 0.02689 | avoid inaccuracies in modelling. The speed value could
:% \ Goodness ofit variate from 0.1 m/s to v,,,,. Then the lowest CO, emis-
£ \ e 09967 sion quantity is not less than 0.06 g/m. The emissions are
) 02 RMSE: 0.001823 g calculated in two different cases. When the speed is less
© \ / or equal to 0.1 m/s then emissions values from Table 1
0.15 N T are taken in g/h. These emission values are recalculated
5 10 15 20 25 30 from Table 1 data when the speed is equalt to 5 km/h.
speed, [m/s] When the speed is less or equal to 0.1 m/s then emis-
Fig. 5. Dependence of internal combustion engine sions values (see Table 1) are taken in g/h. Examples of

CO, emission on speed such modelling are presented in the next chapter.
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4. Modelling Examples

The mathematical model is constructed based on the as-
sumptions presented in Chapter 2. A straight 100 m long
road section, at the ends of which boundary conditions of
the task are introduced, is taken for modelling. A section
of the simulated road is divided into 6 segments. Bound-
ary conditions of the task are introduced at points 1 and 7.

Two tasks are solved. According to the conditions
of task 1, the road is filled in the beginning of the sim-
ulation, and boundary conditions are as follows: v; =
5.0 m/s; v; = 0.1 m/s; k; = 0.18 veh/m; k; =0.18 veh/m
in the initial moment k = 0.01 veh/m and v =1.0 m/s at
all points.

Modelling results are presented in Figs 8-14.
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Fig. 8. Dependence of internal combustion engine
CO, emission on time at road points
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Fig. 9. Dependence of internal combustion engine
CO emission on time at road points
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Fig. 10. Dependence of internal combustion engine
CH emission on time at road points
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Pm emission on time at road points
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Fig. 12. Dependence of internal combustion engine
NO, emission on time at road points
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Fig. 13. Dependence of vehicles’ flow speed on time
at road points

Traffic flow concentration, [auto/m]

Fig. 14. Dependence of vehicles’ flow concentrations on time
at road points
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According to the conditions of task 2 in the be-
ginning of modelling the road is empty, and boundary
conditions are as follows: v; = 1.0 m/s; v, = 5.0 m/s; k; =
0.01 veh/m; k; =0.01 veh/m at the initial moment k =
0.18 veh/m; v =1.0 m/s at all road points;

Modelling results are presented in Figs 15-21.
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Fig. 15. Dependence of internal combustion engine
CO, emissions on time at road points
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Fig. 17. Dependence of internal combustion engine
CH emission on time at road points
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5. Conclusions and Discussion of Simulation Results

Two different cases are simulated.

In the first case, the road segment is empty and
during simulation is filled with vehicles.

In the second case, in the beginning of simulation
the road segment is filled and becomes empty during
simulation. The change of traffic flow parameters k and
v at all road points is shown in detail in Figs 13-14 and
Figs 20-21.

In the first case, when the road is empty, the speed
at road points increases up to the maximum speed limit,
and when the road is filled, it decreases to 0 m/s Figs
13-14.

In the second case, concentration at the road points
gradually starts to decrease, and the speed gradually in-
creases up to the maximum speed limit from the last
road point, Figs 20-21.

ICE emissions at all road points increase because
the road segment has some vehicles. In the first case,
when in the beginning of modelling the number of ve-
hicles were almost equal to 0, ICE emissions increase
during the whole modelling time. In the beginning of
modelling this increase is non-linear, and when the road
segment is filled, it is linear as speed does not impact on
the modelling results, Figs 8-12.

In the second case, when the road segment in the
beginning of modelling is filled, ICE emissions increase
as well. At the end points of the road, where vehicles
start exiting, emissions start decreasing, Figs 15-19. It
can be explained by the fact that at the end of the road
the number of vehicles decreases and vehicles’ speed in-
creases.
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Abstract. The article describes mathematical models of traffic flows to initiate different traffic flow processes.
Separate elements of traffic flow models are made in a way to be connected together to get a single complex model. A
model of straight road with different boundary conditions is presented as a separate part of the network traffic flow
model. First testing is conducted in case the final point of the whole modelled traffic line is closed and no output from
that point is possible. The second test is performed when a constant value of traffic flow speed and traffic flow rate is
entered. Mathematical simulation is carried out and the obtained results are listed.

Keywords: traffic flow, intersection, modelling, traffic flow regulation, vehicle.

1. Introduction

Modelling the process of traffic flow was previously stud-
ied from different points of view and different mathe-
matical methods were used to describe the same process.
It also encounters difficulties in choosing an appropriate
method of deriving physical appearance we can notice
on our streets and roads. Different authors have differ-
ent views to the same phenomena and are focusing on
different aspects of the same problem (Junevicius and
Bogdevicius 2007; Junevicius et al. 2007; Berezhnoy
et al. 2007; Akgiingor 2008a and 2008b; Daunoras et al.
2008; Yousefi and Fathy 2008; Gowri and Sivanandan
2008; Jakimavicius and Burinskiené 2007 and 2009; An-
tov et al. 2009, Knowles 2008; Gasser 2003; Helbing and
Greiner; Knowles 2008 etc.).

All authors have an agreement on basic traffic flow
parameters like, traffic flow density, traffic flow rate or
the average speed of traffic flow. Besides, a lot of different
investigations into the use of traffic flow models to deal
with various problems of engineering are carried out,
for example in Sivilevi¢ius and Sukevi¢ius (2007) paper.

A comparison of different continuum models has
drawn that a number of scientific works were based
on fluid dynamic theory and gas — kinetic traffic flow
theory. The kinetic traffic flow theory is used for ‘mi-
croscopic’ or ‘macroscopic’ traffic flow models. The ki-
netic traffic flow theory is used in Flotterod and Nagel
(2007), Gning et al. (2008), Li and Xu (2008), Prigogine
and Herman (1971) works where various approaches to
the similar method are discussed. The equations of these

models take different values to derive the same process.
The kinetic theory was first used by Prigogine and Her-
man (1971) and co-workers. They suggested an equation
analogous to Boltzmann equation. This theory was later
criticized by many authors like Tampere (2004) etc. the
papers of whose show the experience of Pavery-Fontna
who noticed that Prigogine model had inaccuracies
comparing the results of modelling and physical experi-
ments. He suggested vehicle desired velocity towards
which its actual velocity tends. Later, many authors
mainly focused on a better statistical description of the
traffic process.

The ‘macroscopic’ theory of traffic flows also can
be developed as the hydrodynamic theory of fluids that
was first introduced by Lighthill-Whitham and Richards
model (Chalons and Goatin 2008; Kim and Keller 2002;
Liu et al. 2008; Bonzani 2007; Nikolov 2008). They pre-
sented one dimensional model analogous to the fluid
stream model. This theory was also criticized by such
authors as Tampere (2004) and Daganzo and Nagatani
(Liu et al. 2008) who proposed the lattice method. Naga-
tani and Nakanishi model took into account that all ve-
hicles were moving at the same time-independent speed
and in the same gap between vehicles. This method was
improved later by considering the next-nearest neigh-
bour interaction Liu et al. (2008).

Plenty of traffic flow models are based on car—fol-
lowing theories supported by the analogues to Newton’s
equation for each individual vehicle interacting in a sys-
tem of vehicles on the road. Different forms of the equa-

ISSN 1648-4142 print / ISSN 1648-3480 online
www.transport.vgtu. It

DOI: 10.3846/1648-4142.2009.24.333-338



Downloaded by [Vilnius Gedimino Tech University] at 23:00 24 October 2011

334 R. Junevicius, M. Bogdevicius. Mathematical modelling of network traffic flow

tion of motion give different versions of car-following
models. Stimulus, from which response may occur, may
be composed of the speed of a vehicle, difference in the
speeds of leading and going after the vehicle, distance-
headway etc.

Follow-the-leader and optimal-velocity theories
are mostly known car-following theories and have been
used by Tampere (2004), Kerner and Klenov (2006). Ap-
plying these methods, kinetic and fluid dynamic models
could be extended to the critical points when the ki-
netic and fluid theory gives us inaccuracies comparing
with experimental data. For example, the car-following
theory could comprise the next-nearest neighbour ef-
fect in various lattice models, whereas optimal-velocity
models give us an opportunity to model different situ-
ations, for example interacting vehicles having different
characteristics (car and truck) or vehicles with different
desired and optimal speeds. Nevertheless, all these im-
provements face the problems of properly working mod-
els or experience difficulties in achieving an appropriate
solution.

Another point causing difficulties is the so called
‘vehicular chaos’ that is an analogue to ‘molecular chaos’
used in the kinetic theory of gases. The authors inves-
tigated such phenomena in their works (Chalons and
Goatin 2008; Safanov et al. 2000; Kerner and Klenov
2006). Kerner and Klenov (2006) denotes unstable
points on the fundamental diagram. These points indi-
cate minimal density of growing infinite small fluctua-
tions and express a zone for speed variation depending
on vehicular density.

A similar zone for speed variation is presented
in works by Chalons and Goatin (2008), Safanov et al.
(2000). The authors derived alternate vehicle transition
to the cases of unstable zones. These models clearly ex-
plain empirical data on the brake-down points of the
fundamental diagram.

2. Description of Traffic Flow Mathematical Model

To model traffic flow, an equation system taking into
account two parameters is used: traffic flow speed and
traffic flow density. These parameters are calculated on
each point of the road and information on the previous
and next point of some road mesh is considered (Fig. 1).

i-1 i

o—o0—o0

Ly i Lt

Fig. 1. A scheme for deriving traffic flow values at
each traffic line point

At each point 7’ equations 1 and 2 are derived.
Equation 1 derives variations in traffic flow speed and
equation 2 derives variations in concentration at each
point i.

‘}izpin,i(t)'rv' ini Viil(t_riil’i) .{1_ ki(t)].vi(t)—i_

o Li—l,i
1 v () +v |t
fi (kiﬂ’i)_p"“t’i (t) ’ rv,-,out [EM]

i+1,i

{1_MT.Vi(t)_(vi(t)J,e[“[k'f;ﬁff]m}{viﬂi],

kmax,i+1 Vmax,' (1)
ki =Pin,i(t)"’k-,m.,i ,(1_ ki(t) ],(qi—l(t—‘ti_l)}ki(t)_
' kmax,i qmax,i—l
k. (t q; (¢t
Pout,i (t) Ve, out,i (I_ICIL()][L] ) ki (t) , (2
max,i+1 qmax,i
where: Tyoin> Tiin> Tk, out and T, o — Parameters are

taken from empirical data; v, — the maximal possible
value of traffic flow speed at each point; L; - road seg-
ment depending on point 75 k., — the maximal pos-
sible value of traffic flow density at point 7’; g, — the
maximal possible traffic flow rate at point 7, g; — the
calculated traffic flow rate; g;, ; q,,; — the probability of
flow splitting or connecting at some traffic line intersect-
ing point (It means that traffic flow could split between
several traffic lines or be diverted to some exact traf-
fic line or connected to one from several separate traf-
fic lines. Depending on time, this parameter could be
a constant or a function. It could be used as a control
function to model traffic flow intersections, traffic ac-
cidents and other perturbations that could occur on the
road network); fi(k;,,;) - is some function depending
on parameter k:

Eiji+l . . Eiji+1
‘/2[1— o J'Si,i'S’g"(Paut,i(t))'“g"[[l‘ o ]]
1,1 1,1
L€ >€; jp1,and € ;>0

fi={e %

0, otherwise. 3)

This function takes into account the state of the
road segment in front of point 7.

Other coefficients are vy, =5.5, y,=2.5, m =6,
m, =10.

g=—10, (4)

Some explanations about the members of equations
(1) and (2) are given below.
These are the members of equation 1:

Vi (t Vi )

i1
fic flow acceleration at point 4 — 1" and member
1v\t)+v. (¢
—M -vi(t) specifies the average
2 Li+1,i

traffic flow acceleration.

o Member -vi(t) describes traf-

ki (£) )"
e« Member | 1-———* shows variations in the

max,i+1

acceleration of traffic flow between points 4" and

G4+ 1. ( )
« Member 1—— characterizes traffic flow ful-
max,i

filling point ‘i’
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M}j{k’zﬁi{J”}L:iii]

takes into

o Member (
v

max,i
account the amount of vehicles at point 4" and is
subject to concentration value at point 7.

These are the members of equation 2:

o Member 1- ki(t) considers traffic concentra-
kmax,i k. (i’)

tion at point 4 and member 1-—"~2

max,i+1

ers traffic flow concentration at point 5 + 1% It

means that in case a road in front of point 7" is

occupied, there is no possibility of entering the
road segment in front of point 7.

9 (t _Ti—l)

qmax,i—l
flow rate at point 7 — 1’ which means that at point
‘i — 1 there should be some quantity of vehicles
that can enter point ‘7’; otherwise the value of
traffic flow rate becomes equal to 0. The delay of
traffic flow rate that comes from point i - 1’ to
point 7’ is also regarded.

consid-

e Member takes into account traffic

o Member M shows outgoing traffic flow rate
qmax,i
from point 7’ to point 7 + 1.
The quantity of vehicles at each road segment could
be calculated by the equation:

*j
N, = [k(x)dx, (5)

Xi
where: x;; — traffic line segment boundary points; k
concentration values at boundary points.

Variance in the quantity of vehicles at each road
segment could be derived by the equation:

At+t;

N;(t)=N;(t)+ J' q;(t)dt . (6)

ij

3. Model Description. Numerical Experimental Study

Two cases of mathematical experiment are presented.

Case 1.

To model traffic flows in this paper, the following
considerations are required. First, it is acknowledged
that the part of the road between two intersections is
divided into some intervals e; (Fig. 2).

Each element has two points at the ends of the in-
terval. Two elements are connected at the same point, so
each element has two points that belong to two different
elements.

An exception is the first and the last point of the
road part that is under investigation as these points are
road input and road output respectively.

l> 0 2 3 4 5 6 7 8 9 10 M D
el e e eh €5 e6 e e8 e el

Fig. 2. The structure of creating a part of one way road
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The number of points is 11 (10 elements); the
length of the road is L = 1 km (Fig. 2).
Boundary conditions at the first and final points are:

o Traffic flow rate:
q(x=0,t)=¢, =0.5 veh/s;
q(x=L,t)=q,, =0 veh/s;
o Traffic velocity:
v(x=0,t)=v, =13.888 m/s =50 km/h;
v(x=L,t)=v,, =0 m/s.
« Initial conditions:
v;(t=0)=10"* m/s;k;(t =0)=10"* veh/m;
i=2,.,10.
Velocity, traffic flow rate and flow density rate are
shown in Fig. 3, 4 and 5.
The dependency of a total number of vehicles on
the road on time is shown in Fig. 6.

- 18.0 — point 2

160 l\ \\1 TH —— point 3

= 140 —— point 4
120 — point 5
10.0 point 6
8.0 —— point 7
6.0 — point 8
40 point 9
20 — point 10
NIEBTiIByED,

0.0 25.0 50.0 75.0 100.0 125.0 150.0
time, sec

Fig. 3. The dependency of flow velocity on time at
each point 7’
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10 —— point 7
—— point 8
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0.0 : T
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Fig. 4. The dependency of the traffic flow rate on time at
each point 7’
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Fig. 5. The dependency of traffic concentration on time at
each point 7’
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Fig. 6. The dependency of a total number of vehicles
on the road on time

The end of the road is closed so the vehicles en-
ter the road but do not leave it. Estimating the result
of simulation shows that the road should be overfilled.
The investigated part of the road was empty at the start,
so speed at the beginning should grow. At a later stage,
speed should reach a maximum value. When the road is
overfilled, speed should decline to 0.

The data of the conducted mathematical experi-
ment point to the expected results. The empty traffic
line was filed with vehicles and the maximum 0.2 veh/m
concentration was reached. First, the end of the traffic
line was filed up, and then the entire road was filed. Traf-
fic flow speed reaches the maximum value at the begin-
ning of simulation and when concentration starts grow-
ing, the speed value reduces to zero.

Traffic flow rate reaches the maximum value and
starts declining from the end point of the road. The
maximum value of vehicles on the road at peak mo-
ment is almost 200 which is the maximum value that
could appear on the road when vehicles are bumper to
bumper.

Case 2.

Boundary conditions at the first and final points
are (Fig. 2):

o Traffic flow rate:
q(x=0,t)=q,=0.5 veh/s;
q(x=L,t)=q,,=0.575 veh/s.

o Traffic velocity:

v(x=0,t)=v, =13.888 m/s=50 km/h;
v(x=L,t)=v,, =10 m/s.

« Initial conditions: v, (t = 0) =10"* m/s;

ki(t=0)=10* veh/m; i=2,...,10.

Velocity, traffic flow rate and flow density rate are
shown in Fig. 7, 8 and 9. The dependency of a total
number of vehicles on the road on time is shown in
Fig. 10.

This test has come up with similar results. This
time, the end of the road is open, so all vehicles enter-
ing the traffic line could leave it. Speed at the first point
is lower than incoming speed in the first case. Traffic
flow rate at the end point is higher than that in the first
case. Thus, in general, traffic flow rate and concentra-
tion decline at each point of the road coming from the
first point to the last one and this is due to difference in
traffic flow rate under the boundary conditions of the
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— point 4
120 point 5
90 ] —— point 6
J —— point 7
6.0 —— point 8
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Fig. 7. The dependency of flow velocity on time at
each point 7’
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traffic line. Also at the end of simulation, the constant
value of vehicles on the road is received. The quantity
of vehicles on the road becomes constant at the end of
simulation (Fig. 10).
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4. Conclusions

1. The presented traffic flow model gives theoretically
expected results. In each case of simulation, the results
are related to boundary conditions. In the first case, the
end of the road is closed, q(x = L,t) =q,, =0 veh/s,
so the number of vehicles on the road increases and
reaches the max possible quantity of almost 200
vehicles. In the second case, the end of the road is
opened, q(x = L,t) =q,,=0.575 veh/s, so after
some time, the maximum quantity of almost 30 ve-
hicles is reached.

2. At the beginning of the simulation process, the road
was empty. After some time, all segments on the road
were filled. First, some concentration and flow values
were received. For a while, those values were almost
constant. Overfilling the last point starts at a time step
of 60 sec. Then, all cells were filed in equal time steps
(see Fig. 4 and Fig. 5). Fig. 5 shows that concentration
reaches a maximum possible value because the road
is closed. Fig. 9 indicates that concentration values
are different at all points due to boundary conditions.

3. Traffic flow speed is maximal at all points when con-
centration is low and begins to increase when con-
centration starts growing

4. The process of road filling starts from the end point
in Case 1 which means that the last road segment was
filled first. At a later stage, road segment before him
was filed. Thus, the process of filling the entire road
starts from the last segment and reaches the first one.
Fig. 3, Fig. 4 and Fig. 5 clearly indicate that traffic
flow rate and traffic flow concentration change in the
same order.
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Abstract. Modelling of straight road section consisting of one traffic line gives the opportunity to simulate “follow
the car” system. In general it looks like a line of vehicles, going one after another. Kinetic theory, used in this paper
describes traffic flow system as a straight unbroken line with limited flow speed and concentration. Such model also
gives the opportunity to derive traffic lines intersections. For example, intersection could be derived like a point with
traffic lines coming and outgoing from this point by only changing boundary conditions. Mathematical model is built

using characteristic method.

Keywords: Traffic flow, kinetic theory, modelling, characteristic method.

1. Introduction

Traffic lines intersection gives difficulties to
model two—way crossroads. To solve this problem at
first step we are modelling one-way one line traffic
flow intersection with two incoming one outgoing and
with one incoming and two outgoing traffic flows.
Such model gives solution to classic bottleneck situa-
tion on aroad. The second step is to determine two line
traffic flow model to solve various crossroad problems.

Similar situations were studied in literature [1-6].
Authors in the works [1, 2] based their solutions on ki-
netic theory, made various traffic flow models on
straight road, driver behaviour model. Authors of litera-
ture [3] did research into traffic modelling and control
using neural networks, authors [6, 7] concentrated on
traffic control and regulations in cities.

In this paper at first we derive equations of traffic
flow on straight road using characteristic method, and
using these results determine traffic flow intersections.

2. Traffic flow model using characteristic method

Basic equations of traffic flow model using kinetic
theory are[3]:
ok ok oV _

—+V—+k—=0, D
ot ox ox

oV oV ok dv

kI 4 kV—+®—:k<—> _k %8
\"

&l

ot oX oX dt @)
where: k — concentration; V — traffic flow speed;, © —
speed variation; x — point on aroad; v — vehicle speed.
Using characteristic method the road section is di-
vided into pieces of length Ax (Fig 1) [5]. Each piece
has information which is concentrated in boundaries.
Each peace boundary point takes information: velocity
v and concentration k.

rA

t+ A1
C/V-
t

A L R |B

=

1 2 i—1 i i+1 .. n
Fig 1. Characteristic net
System of equations (1) and (2) can be written as

the system of second-order quasi-linear differential
equations:
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[ﬁ%ﬂ+mg%=ﬁ} @

where: [A] [B] are matrices,

Ao v 815 |

and {f} isvector,

0
{t}= k<ﬂ> _k%© ,
dt/ oX
which depends on t, x and elements u; of vector {u} " =

[k, V1.

Equating the determinant of matrix [B]—[A]% to
dt
zero,
dx
B|-|Al—[=0
lel- A1

we shall receive the equation which allows determining

% derivative and determines characteristic direction.
dt

This equation has two various real roots dx/ dt =
N(@i=12):

c" %=V+\/6; 4

~oox o,
c: =V Jo, (5)

From equations (1) and (2), using steps listed
above, after several transformations receive plus and
minus characteristics which have such forms:

. dv o dk
Ci—+———-09,=0; 6
a Kk a & ©

_av e
c: L _ N2 _ 4 =0 7
i Kk a2 U

where g; (i = 1,2) are traffic flow speed variations.

()
Y\dt/, ox’

g, - (&) 2@
27 \dt/, ox
The system of two nonlinear algebraic equationsis

obtained from conditions of compatibility with charac-
teristics:

b, =V -V, +1K@J +[@J }x
1 D L 2 Kk ] Kk 5

(kp —k_ )_%(gn +01p)=0; (8)

o :v.A,_1K1§]+{£§J]X
ZDRszkD

(kp _kR)_%(QZD +02r)=0; ©)

From these equations receive two parameters v
and k in each road section boundary point. To deter-
mine traffic flow valuein road section at first it is need-
ful to determine average flow speed. Generally it could
be average vehicle speed.

Equation to calculate traffic flow g has the follow-
ing form [1]:

q=KV . (10)

Equations listed above could be used for solving
different traffic flow problems.

3. Traffic flow inter sections

In this chapter three typica intersections schemes
will be determined. The first one is a situation when two
different traffic flows comeinto one, as shownin Fig 2.

@ Qin(t)

\i
o

qnul(t)

©)

Fig 2. Traffic flow intersection diagram

Intersection is determined as a point at which three
separate flows cross. In this case to model interflow
two C* and one C™ characteristics and additionally one
input and one output leaks are used. Equations of this
model could be written in the following form:

c*h: ¢1:V01‘VL1+1K@J +(@j }x

21 k k

A
(kD,l - kL,l)_?t(glL,l + ng,l) =0 (11)

1/(Je Jo
C+: (I)Z =VD,2 _VL,Z +E [—J +(T] X
L2 D2

k

A
(kD,z - kL,Z)_%(glL,Z + 910,2)= 0; (12)

C7%=%ywm_ﬁpﬁj+P@j}x

2

A
(kD|3 - kR,3)_7t(92D,3 + 92R,3) =0. (13)

Then traffic flow becomes:
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pl(kV)D,l - pZ(kV)D,Z - p3(kV)D,3 -
Patlou () + PsGin(t) =0, (14)

e

P =1 (15)

i=3

here: p; — probability that action may be done.

The second one is a situation when single traffic
flow splitsinto two different traffic flows (Fig 3).

qin(t) @
@

®

q()m(t)

Fig 3. Traffic flow intersection diagram

Intersection also is determined as a point at which
three separate flows cross. In this case one C" and two
C characteristics and additionally one input and one
output leaks are used. Equations of this model could be
written in the following form:

C" @, =Vpy,-V +1H@] +{@J }x
1 D1 L1 2

k k

A
(kD,l - kL,1)_7t(91|_,1 + ng,l) =0 (16)

(O3 ¢2:VD2—VR3—1[(@] +{@] ]x

2( k

A
(sz - kR,Z)_%(QZD,Z + ng,z): o (17

c- ¢3=VD3—VR3—1{[@J +[@J ]x

2|1 k

At
(kD,3 - kR,S)_7(92D,3 + 92R,3) =0. (18)
Then traffic flow becomes:

pl(kV)D,l - pZ(kV)D,Z - pS(kV)D,S -
Patlou (t)+ PsCin(t) = O (19)

Mo

p =1 (20)

i=2

The third one is intersection of four roads. Each
road has two, opposite direction of movement, traffic
lines (Fig 4).

Fig 4. Traffic flow intersection diagram

In this case to determine equations of movement
on each road line it is needful to assign C* characteris-
tic on outgoing traffic line and C™ characteristic on in-
going traffic line. Boundary condition of each road at
intersecting point is built using equations (8) and (9). In
primitive form these equations can be written in the fol-
lowing way:

KL:C" i@y =@y (Vp k1. Kpa) =0,
K.2:C™ i@y =D, (Vpk2:Kpk,2) =0.

(21)

In this equation index 1 is used for incoming and
index 2 isused for outgoing traffic flows.

Each of four roads is derived in the same order so
in the end receiving equation system from 8 eguations.

When boundary conditions are set, the next step is
to balance incoming and outgoing flows. Traffic flows
balance derivation then takes the following form:

4 4
Dy = z pk,l(kv)k,l - Z pk,z(kv)k,z =0. (22)
k=1 k=1

Now there are al 9 equations and it is almost pos-
sible to get a solution. The fina step to derive equa
tions is to set correct probability laws for al traffic
lines.

Probability equation for incoming flow in general
formis expressed as.

Prit P22t Pra2t+ Pra2 =1
P21+ P22+ Pog2t Poa2 =1
P31+ P32zt Pag2t P3az =1

Pazr+ Pazo+ Pago+ Paar=1

4
Pt Priz=1 i=k (23)

i1
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Probability equation for outgoing flow in general
form will be asfollows:

Pro2+ P22t Pag2 =1
Prazt+ P2s2t Pazz =1
Praz+ Poap+ Pgap =1

P212+ P312+ P12 =1

4

DoPi2=Li=l. 4izk (24)
i=1

Equations (23) and (24) show that incoming flow
from any of four roads can be splited and steered to all
three, to two or one outgoing lines. This could be done
by changing probability values from O to 1. Probability
can be taken like the opportunity of choice. Then model
may be reorganized so as to minimise or maximise the
desired parameter. Or probability may be taken as a
strict rule and in that case it is possible to model traf-
fic-light controlled crossroads.

Solution of such equations has quite a simple
form. In generd it can be asfollows:

kit+At — kit +dk,
(25)
{ViHAt _ Vit +dv.
where:
9, 00, T
{dk} _ | ok v {Cbl} (26)
ok ov

These equation systems are used to derive the so-
lution for each section boundary point. To get a solu-
tion it is very important to take correct time step of cal-
culation At. Time interval At is related to road section
AX. To get the right solution it is important to sustain
the specification [5]:

cr=2t<q @7)

AX

In the end, such or similar model could be used to
solve problems in various road intersection cases, in
uncontrolled traffic flows, and to solve problems re-
lated to traffic control in cities.

4, Conclusions

1. Using characteristic method and kinetic theory it is
possible to make traffic line intersection models in
quite a ssimple way and the models are suitable to
use for solving various problems.

2. Intersection models in genera are similar to other
models, but in this case it is possible to determine
the dynamic system of long straight road sections
intersecting each other.
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Abstract

Modelling of straight road section consisting of one traffic line gives the opportunity to simulate “follow the car”
system. In general it looks like a line of vehicles. going one after another. Kinetic theory. used in this paper
describes traffic flow system as a straight unbroken line with limited flow speed and concentration. Such model
also gives the opportunity to derive wraffic lines intersections. For example. intersection could be derived like
point with traffic lines coming and outgoing from this point by only changing boundary conditions.
Mathematical model is built using characteristic method.

KEY WORDS: Traffic flow, kinetic theory, modelling, characteristic method

1. Introduction

Traffic lines intersection gives difficulties to model two—way crossroads. To solve this problem at first step we
are modelling one way one line traffic flow intersection with two incoming one outgoing and with one incoming and
two outgoing traffic flows. Such model gives solution to classic bottleneck situation on a road. The second step is to
determine two line traffic flow model to solve various crossroad problems.

Similar situations were studied in literature [1-6]. Authors in the works [1, 2] based their solutions on kinetic
theory, made various traffic flow models on straight road. driver behaviour model. Authors of literature [3] did research
in traffic modelling and control using neural networks. authors [6, 7] concentrated on traffic control and regulations in
cities.

In this paper at first we derive equations of traffic flow on straight road using characteristic method, and using
these results determine traffic flow intersections.

2. Traffic flow model using characteristic method

Basic equations of traffic flow model using kinetic theory are [3]:

ok k 4

C L) (n)
ot ox ox

'-\V ﬂV o 8 1 -~

L TRAGRCE R )
ot ox ox a/. ox

here: k — concentration; V' — traffic flow speed; © - speed variation; x — point on a road: v — vehicle speed.

Using characteristic method the road section is divided into pieces of length Ax (Fig 1) [3]. Each piece has
information which is concentrated in boundaries. Each peace boundary point takes information: velocity v and
concentration X .

System of equations (1) and (2) can be written as the system of second-order quasi-linear differential equations:

[} =4+ (B gﬁ%{f}, 5)
ot Ox

here: [A], [B] are matrices. j
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and {/} is vector,

0
{r}= k<ﬂ> _ 08
dt v ox

which depends on ¢, X and elements u; of vector {U}T = [k,V].

t A
Ax
D At
i
G C
t
A I R B
1 2 1-1 1 1+1 nE X
Fig. 1. Characteristic net
r qdx
Equating the determinant of matrix [B] = U]——— to zero,
!
dx
B4 =0
dt

we shall receive the equation which allows determining derivative and determines characteristic direction. This

dt
equation has two various real roots dx/dt = A; (i=12):

S
ct:E=v+io, (4)

dt
S = -
G ."d—:V— e, £3)

t

From equations (1) and (2), using steps listed above, after several transformations receive plus and minus characteristics
which have such forms:

v Jodk 5
@ el
dV
C- ———@%*O,ZO. (7)
a  k dr
Here g, (i — 1,2) are traffic flow speed variations.




The system of two nonlinear algebraic equations is obtained from conditions of compatibility on characteristics:

) L qliae) VO At
(DIIID—I/L+: _/\—J e = (k/)'_kL)"'T,‘(gu_"'ng):O: (8)
=, L D =
‘ , 1(Jo Jo At
Q)::ID—VR—-; l/:— i+ T (ko‘kfe>—‘?,"(g:o+g:x):0; )
2 . - 2

From these equations receive two parameters v and k in each road section boundary point. To determine traffic
flow value in road section at first it is needful to determine average flow speed. Generally it could be average vehicle
speed.

Equation to calculate traffic flow q has the following form [1]:

q=kF. (10)
Equations listed above could be used for solving different traffic flow problems.
3. Traffic flow intersections

There is chosen intersection with four incoming and four outgoing traffic lines in this chapter (Fig la.).
Roundabout is divided in to eight parts. Four of them in opposite points are connecting to strait road sections with
incoming and outgoing traffic lines. So in the end in each of these four points are two incoming and two outgoing
traffic lines and to determine such intersection using characteristic method each incoming line is derived using C” and
each outgoing line is derived using C” characteristics. Roundabout road part is derived like straight road part with the
same boundary conditions in the ends (Fig. 2b.).

a) b)
Fig. 2. a) Ring type intersection. b) Simplified ring type intersection.

In the end there is a system of four road intersections of two incoming and two outgoing traffic lines connected to
each other and deriving the ring. Additional eight traffic lines hide inflows and outflows to ring type road section. So in
that configuration is valid general characteristic method law, each section starts from C™ characteristic from one side
and C~ characteristic from another.

Roundabout traffic flow has priority on incoming straight road sections, also to leave the ring section. In case the
flow concentration of ring section point one step ahead and one step behind is law the flow can in leak from outside

traffic line. To prevent ring section overload consider ring section top concentration k., which is equal to jam

concentration. Ring type road segment is derived using equations 8,9,10.
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To determine equations of movement on each road line it is needful to assign C” characteristic on outgoing
traffic line and C characteristic on ingoing traffic line. Boundary condition of each road at intersecting point is built

using equations 8 and 9. In primitive form these equations can be written in the following way:
=}

K1:C":®@, =0,(Vy, 1,kp1)=0;

K2 CTi@, =0V, it =0
K3:C": 0 =0 Vs,5.8501) =9
KaA:C @, =0, 4. k5.1=0

In this equation index | is used for incoming and index 2 is used for outgoing traffic flows.
Each of four inflow road is derived in the same order so in the end receiving equation system from 8 equations.

When boundary conditions are set, the next step is to balance incoming and outgoing flows. Traffic flow
incoming - outgoing balance derivation then takes the following form:

4 1
By = Zpk.l(kV)k.l —Zpk.l(kV)k,Z =0. (12)
. k=1

k=1

Here: p - probability of an action to be taken.
Probability equation for incoming flow in general form is expressed as:

Py + PisnF Pigs * Pugs F B =4

(13)
Dyt Pzt Pizat PiaatPisa=h
Pay ¥ Puiat Piaat PisatPisa=h
Probability equation for outgoing flow in general form will be as follows:
Piaz+ D322t PiaatPrza =l
Pisa*tPasat PisatPisa =k
(14)

Piaz ¥ Prsat Psaz ¥ Pusz=h
Dot Piat Pt Puz=h
Equations 13 and 14 show that incoming tlow from any of four roads can be spited and steered to all threz. to
two or one outgoing line. This could be done by changing probability values from 0 to 1. Probability can be taken like

the opportunity of choice. Then model may be reorganized so as to minimise or maximise the desired parameter.
Solution of such equations has quite a simple form. In general it can be as follows:

j ke =k +dk;

va”’ =v +dv. e
Here:
00, 60, .
[ _ ok v | [ o
1dv/r a(Dz 5@2 IL@Z :

These cquation systems are used to derive the solution for each section boundary point. To get a solution it is
very important to take correct time step of calculation At . Time interval Af is related to road section Av . To get the
right solution it is important to sustain the specification i
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At
C/-:Eél; (17)

In the end. such or similar model could be used to solve problems in various road intersection cases. in

uncontrolled traffic flows. and to solve problems related to traffic control in cities.

4. Conclusions

Usinge characteristic method and kinetic theory it 1s possible to make traffic line intersection models in quite a
g 3 q

simple way and the models are suitable to use for solving various problems.

Intersection models in general are similar to other models, but in this case it is possible to determine the dynamic

system of long straight road sections intersecting each other.
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tacija
porto srauty modeliavimas visada buvo gan komplikuotas ir daug karty nagrinéta anksciau skirtingais matematiniais metodais.
e straipsnyje pristatytas diskretinis metodas. kuriame transporto srautai yra modeliuoti naudojant Hacinsono lygti transporto
griemom'l{ koncentracijai apskai¢iuoti. Transporto srauto greilis ir pats srautas apskaiciuoti naudojant paskaitiuotas srauto
koncentracijos Vvertes.

Annotation
Traffic flow modeling is quite complicated and is a lot of times studied before. Is many different mathematical methods studied before. Here in this

paper is one discrete method presented. Tratfic flow is modeled using Hutchinson equation to simulate concentraton varance. Using simulated
concentration traffic flow speed variance and flow variance itself is simulated.
KEYWORDS: modeling. traffic flows. mathematical methods

= Introduction

From the early beginning traffic flow modeling has difficulties related on reliability. Various mathematical models
and integer methods were used. Most of them were based on Kinetic traffic flow theory. neural networks and fuzzy

logic theory or some other.
Here In our mathematical model we are using Hutchinson equation (1. 2. 3] and solving equations system using
Euler method. This quite simple way gives us possibility of modeling tratfic flows on straight road sections or on street

networks.

Hutchinson equation based model

To derive traffic flow using Hutchinson equation at firs is necessary to derive traffic line and boundary conditions.
In our model modeled traffic section is divided in to sections. Traffic line segment is taken as a straight one-way traffic
line the length of witch is L, and constant for all road segments. This segment from both ends intersects neighboring

segments and on intersection points the boundary conditions are the same. First and the last points of all trattic line have
different description. This is because of second. Firs point of the modeled road interval is data input point and the last
one is the output point. Depending on input and output information various traffic times depended situations could be
modeled. These are the points with parameters thal are known all the investigating time and could be constant or time
depended. According this information the distribution on road section between these points could be derived.

To derive such model we are using equations system [1. 2. 3):

e ci=2a=k (1)




here. X, — traffic concentration on road segment i X ;— max possible concentration on road segment L. X., —

concentration on road segment { at time step I =T,

» — constant. § — constant. n — road segments quantity. Parameter

x_ . in each point is coupled all simulation time and after delay ime 7 = L s used in equations. This is done because
- p J =

It

of condition that parameters in two different neichborhood points can not change immediately. Changes from one point

travels to another at time step 7 which depends on average traffic flow specd.
To calculate traffic flow velocity on each point equation 2 is used [4.8]:

Rt
y, = Aln| — Wi = .

X, i

here / constant depending on flow parameters.
To prevent cell overfilling in jammed situations equations system (1) has such limitation:

(l’iZ X

max *

—X,= X

else, =X =X;

)

(3)

Separate case when the traffic flow in final point is time depended are derived in equation (4). Here in equation of

final point time depended variable X, is inserted.

( - 4
: ; X
b o=s=pl== - o
K '\m.L\I
X ) X )
A ‘ Sk .
f, = d e iy =20~}
xma\.r ) '\.m:L\r
{ A\
A
\n = kl—_ 2 11.'.;1-}_\/
'\maxj

Traffic flow is calculated using general. well known equation [4. 5. 6.8.9]:
q; =V

Here v — traffic flow speed. x - traffic flow concentration at road segment.

'
o

Simulation parameters are as follows: L=30m. 11 = 10. x,,,, = 0.18. constants values r and s depends on road

wraffic conditions and needs improvement related with real wraffic flow measurements. To solve the equation system

Euler method is used [7].
In figures below simulation results are shown.

As figures shows tratfic flow has stable and clear interval and only near jammed section quite big disturbances aré
received. After some small time interval. about these disturbances comes to stable jammed state. Disturbance time SIEP
is not big and depends on road segment length. Dependence on other parameters also takes effect. but to have clear

results experimental data is needed.
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Conclusions
I, Simulation results show that such model with a few limitations works guite well. In figures 4. 5. 6 wraffic
jam situation and on time interval close to jammed flow state unstable equilibrium is seen.
Delay time of parameters is computed. so it is possible to model traffic waves. Also model could work

when road segments are short so it is usable (o model traffic network in a cities.
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Summary

Traffic flow modeling is quite complicated and is a lot of times studied before. Many different mathematical methods studied before, Here in this
paper is one discrete method presented. Traffic flow is modeled using Butchinson equation to simulate concentration variance. Using simulated
concentration traffic flow speed variance and flow variance itself is simulated. Method is suitable to model traffic networks in cities gives unque lock
1o jammed traffic flow state

Apibendrinimas

Transporto srautu modeliavimas visada buvo gan komplikuotas ir daug kartu nagrinéta anks¢iau skirungais matematiniais metodais. Siame straipsny)e
pristanvtas diskretinis metodas. kuriame transporto koncentracija modeliuojama naudojant Ha¢insono lygti transporto priemoniu koncentracijai 3
apskaitiuoti. Transporto srauto greitis ir pats srautas apskaitiuoti naudojant paskaiCiuotas srauto koncentracijos vertes. Metodas tinkamas modeliuott
ransporto sraut unkla nuestuose. suteikia galimybe nagrinét atvejus kai artéjama prie kams¢iu susidarymo situacijos.
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TRANSPORTO SRAUTU MODELIAVIMO TIESIOJE

KELIO ATKARPOJE KRITINIAI MOMENTAI
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1. [vadas

Modeliuojant transporto srautus, dél ypatingy proceso savybiy kyla jvairiy pro-
blemy juos apraSant matematiskai. Pasirinkus modelio tipa, be kity parametry, tokiy
kaip greitis, kritiné koncentracija, vairuotojo elgesys, kurie pirmiausia pabréziami
modelius sudaran¢iy autoriy darbuose [1, 2, 3, 4, 5, 6], labai svarbu tinkamai nustaty-
ti ir tarpusavyje suderinti pradinius parametrus sprendziant transporto srauty uzdavi-
nius.

Toliau tekste nagrin¢jamas kinetine dujuy jud€jimo teorija paremtas transporto
srauty modelis, sprendziamas charakteristiky metodu. Atkreipiamas démesys | pro-
bleminius uzdavinio sprendimo momentus. Aptariamas pasitelkiamy pataisy tikslin-
gumas ir nurodoma jy teigiama jtaka sprendimo rezultatui.

2. Modeliavimo ypatumai

Sudarytas transporto srauto modelis tiesioje kelio atkarpoje. Kinetinis transporto
srauty modelis aprasomas lygtimis [3]:

ok ok o

+k—=0; 1
ot ox X )
k@_V kV@_V @%_k dv _ka_@) (2)

ot Oox ox dt Oox

¢ia k — eismo srauto koncentracija; V' — transporto srauto judéjimo greitis; © — grei-
¢io dispersija; x — kelio taSko koordinaté; v — automobilio judéjimo greitis.

Atitinkamai pertvarkius lygtis gaunamos pliusiné ir minusiné charakteristikos,
kurios naudojamos sudarant sistemos spremdinius:
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” =0; (3)

Tk odr o

dt k dt

av Ve dk (<dV> _a®]

dt k dt dt

_ d_V_@%_(<d_V> _aﬁ}:o, @
, Ox

Integruojant Sias lygtis pagal koncentracijos dk ir grei¢io dv pokyCius gaunami
du lygciy sistemos sprendiniai:

@, :Vi_Vi—l"'% [@J +[@J (ki—ki—l)_%(gfrgi—l); &)
-1 i

20\ &

CI)2 = Vz _Vi+1 _l [@] +[@j (ki _ki+1)_%(gi +gi+1); (6)
i+1 i

o dv 00 .
¢ia g =(——) —— - transporto srauto greicio pokytis.
dat [, 0Ox

Sprendziant uzdavinj, butina pasirinkti pakankamai didele kelio atkarpa ir ja
suskaidyti | baigtinius vienodo ilgio kelio segmentus. Kiekvienam segmento taSkui
formuojamos tokios lygCiu sistemos:

vf+At = vf +dv . 7
KA g gk
00, 00, |
. |dk| | adk odv D
Cla = . (8)
dV 8@2 8(1)2 CD2
 odk  odv |

Toliau charakteristiky metodu sprendziant Sias lygtis biitina tinkamai apraSyti
krastines salygas. Viena 1§ standartiniy uzdavinio formy uzraSoma taip. Pirmame
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taske pasirenkamas pastovus greitis ir Sio tasko reikSmé tokiu laiko momentu skai-
¢iuojama 18 minusinés charakteristikos. Paskutiniame nagrin¢jamo kelio ruozo taske
pasirenkama pastovi, maksimaliai leistina, koncentracija, o greitis Siame taSke prily-
ginamas (. Galinio tasko reikSmes esti tokios, nes pasirenkama prielaida, jog esant
ribinei koncentracijai transporto priemoniy judéjimas negalimas.

Dar viena salyga norint gauti patikimus rezultatus reikalauja tarpusavyje sude-
rinti kelio atkarpos segmento Ax ir laiko Zingsnio At reik§mes. Cia naudojama Ku-
ranto salyga, kuri taikoma sprendziant uZdavinius charakteristiky metodu [2]:

Ax
At < —. 9
V 9)

ISsamiau nagrinéjant lygtis pastebima, jog labai svarbu tinkamai pasirinkti Siuos
transporto srauty lyg€iy parametrus: tai V' — transporto srauto grei¢io vidurkis ir g —
transporto srauto grei¢io pokytis.

Vidutinis srauto greitis, kuris autoriy [3, 4, 5] darbuose daznai sutinkamas kaip
transporto srauto greicio vidurkis ar viduting greicio reik§me, turéty biiti imamas kaip
didziausias galimas transporto srauto greitis. Si prielaida kyla i§ tokiy salygu: spren-
dziant charakteristiky metodu biitina pasitelkti pastovy laiko zingsni Af ir pastovaus

ilgio kelio segmenta Ax . Lygtyse naudojamas parametras © = V2 _y? , kurio 1§-
raiSka savo prasme yra tapati dispersijai. Lygtyse naudojamas maksimalus galimas
srauto greitis ¢ia yra tapatus grei¢io vidurkiui. Statistikoje nagrin¢jant normalini
skirstini apie $i dydj pasiskirsto galimos kintamuyjy reikSmés, o gautas greicio vidur-
kis igyja didziausig reikSmg. Be to, tyrimais pagrista greicio ir koncentracijos pri-
klausomybé rodo, kad Sia priklausomybg galima apraSyti lognormaliniu skirsti-
niu [3]. Dél Sios priezasties patogu greic¢io vidurkj V' naudoti nustatant laiko zingsnj
At . Kitas svarbus zingsnis modeliuojant srautus yra sudaryti tinkama greicio ir kon-
centracijos priklausomybg. Pastebima, jog tais atvejais, kai nagrinéjamas kelio atkar-
pos taskas yra toli nuo nagrin¢jamo kelio ruozo pabaigos, grei¢io priklausomybé nuo
koncentracijos yra artima bandymais nustatytajai [4], taiau néra tinkama, nes tam
tikru laiko momentu didéjant koncentracijai pradeda didéti ir transporto srauto grei-
tis. Tai prieStarauja bandymais nustatytai priklausomybei. Modelis gaunamas nepa-
kankamai tikslus. Tokio netikslumo priezastis yra nevertinamas arba netiksliai verti-
namas grei¢io pokytis g. Si sprendinio netiksluma galima pagalinti i lygtis jvedant
greicio pasiskirstymo funkcija f [4]. Parenku eksponenting grei¢io pasiskirstymo
funkcija:

Jo = (IC”TZ’UJ{GXP(— %ﬂ ; (10)
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Jo .
l+7v’ (1

¢ia k,; — ribiné koncentracija, kai automobiliai maksimaliai uZpildo kelio ruoza ir
sudaro spustis. 7 = At.

A=1-9V; (12)
k

n=—-"; (13)
krib
k. 10’

y:M. (14)

Dabar greicio pokyti g galima isreiksti iSraiska:

g:f—h'

~ (15)

Atlikus matematinj eksperimenta gaunami tokie rezultatai (1, 2, 3, 4, 5 pav.):

0.000¢ 3
0.0007 3
0.0006 3
0.00054
0.0004 3
0.0003 3

0.0002
mm%/f_

0 01 02 03 04 05

2 pav. Greicio priklausomybé nuo laiko taske i
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4 pav. Greicio priklausomybé nuo laiko visoje kelio atkarpoje
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0.0004 3 //

0.00029 =777
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5 pav. Koncentracijos priklausomyb¢ nuo laiko visame kelio intervale
3. ISvados

Modeliavimo rezultatas atlikus pakeitimus atitinka bandymais patvirtintus rezul-
tatus [4], taCiau néra visiSkai tikslus greiciui artéjant prie nulio, o koncentracijai arte-
jant prie ribinés koncentracijos. Pageidautinas rezultatas pasiektas atlikus tokius pa-
keitimus: suvienodinus laiko Zingsnio pokyti, ivedus eksponenting greicio pasiskirs-
tymo funkcija i sprendini ir tiksliau apraSius grei¢io pokyti.
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