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Abstract. Road traffic flows on a straight road segment are modelled in this article. The mathematical model 

of traffic flows has been constructed by using the method of lumped parameters. CO2, CO, CH, NOx, PM regression 

equations of internal combustion engines’ (ICE) emission has been developed. The accuracy of regression equations is 

0.98÷0.99. The article presents assumptions for constructing the mathematical model, description of the mathematical 

model and gives simulation results. Traffic flow parameters, such as traffic flow concentration and traffic flow speed are 

presented as modelling results. ICE emission depending on the concentration and traffic flow speed are presented as well.

Keywords: traffic flow, mathematical modelling, internal combustion engine, emission, numerical simulation, 

fuel consumption.

1. Introduction

Road transport is one of the main inland transport modes 
providing house to house services for the people all over 
the world. Each inland territory is criss-crossed by inter-
urban road and street network. Vehicle flows carry peo-
ple, distribute, industrial freight and work equipment on 
these network elements. Majority of these road vehicles 
are driven by internal combustion engines; therefore 
besides practical use they also create a lot of problems, 
such as air pollution with combustion products and par-
ticulate metter, noise, vibration, utilization of used oil 
and other materials, recycling of cars and their parts. 
Cars consume a lot of energy; therefore when solving 
problems caused by them a lot of engineers and scien-
tists put a lot of efforts to solve a wide range of problems 
starting from vehicle manufacturing to their utilization.

A lot of burning problems arise when cars are used 
and here the main problems to be solved by both engi-
neers and scientists are pollution reduction and energy 
saving. When saving energy, cars become more environ-
ment-friendly. Various problems caused by vehicles are 
discussed in the article written by Makaras et al. (2011). 
The authors discuss vehicle dynamics in the flow, fuel 
consumption, the impact of environment on the dynam-
ics of cars, touch upon the driver’s model and various 
driving styles. Wang et al. (2008) presented various meth-

ods of fuel consumption and engines’ emission measur-
ing as well as coefficients of efficiency. Tanczos and Torok 
(2007) investigated climate fluctuation changes and ener-
gy consumption in Hungary. The article presents the dy-
namics of climate and CO2 change as well as energy con-
sumption in the Republic of Hungary. CO2 emissions are 
presented as well: 1 mol of diesel (198 g) yields 14 mol 
or 616 g CO2 and 1 mol (114 g) of petrol yields 8 mol 
or 352  g CO2. Janulevičius et  al. (2010) presented the 
methodology of determining energy consumption taking 
into account engine’s capacity and specific fuel consump-
tion. Wu and Liu (2011) in their article presented the 
methodology of calculating fuel consumption by taking 
into account such criteria as aerodynamic and rolling re-
sistance. Fuel consumption model was constructed and 
based on the neural network theory. Smit et al. (2008) 
presented and generalized three emission models, where 
the impact of congestions on motor vehicles’ emission is 
evaluated differently and present indicators to identify 
transport congestions. The article also presents conges-
tion identification models. Jović and Đorić (2010) used 
programming package PTV Visio to model traffic flows 
on the urban street network and based on that present 
vehicle emissions. Jakimavičius and Burinskienė (2010) 
investigated vehicle flow optimization methods and 
their application possibilities when informing traffic us-
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ers about the situation in the city, and in their article 
(Jakimavičius, Burinskienė 2009a, 2009b) presented the 
rating system of the Vilnius city residential areas by us-
ing expert methods and pointed out the residential areas 
with the highest traffic volumes of the city. Kliukas et al. 
(2008) investigated the impact of vibrations caused by 
vehicles on buildings with the aim to preserve cultural 
values in the city of Vilnius. Frequencies 1.3 and 10.8 Hz 
are presented as dangerous. Žiliūtė et al. (2010) investi-
gated traffic flows and presented the data obtained on 
high intensity streets of Vilnius city. Sivilevičius (2011) 
investigates the interaction of transport system elements 
by taking into account traffic flow elements.

This article gives an example of applying mathemat-
ical models of traffic flows to simulate internal combus-
tion engine (ICE) emission. The article does not investi-
gate combustion reactions of ICE; however, it uses ICE 
emission dependences on the vehicle‘s movement speed, 
which are developed by using the values of emissions.

2. Assumptions of Constructing a Road Segment

When describing traffic flows, a traffic lane is used as 
a keyword. An assumption is taken that cars cannot 
drive on an opposite traffic lane; therefore, the road is 
split into separate traffic lanes and two-way roads are 
described in the mathematical model as a separate one-
way road with one or several traffic lanes. In this model 
a traffic lane segment is taken as a finite-length line, 
which is divided into equal length segments the length 
of which is L (Fig. 1). The parameters of a road segment 
(traffic flow speed, traffic flow concentration or traffic 
flow intensity) accumulate at the end points. The point 
which connects two adjacent segments has a point com-
mon to both segments. The first and the last points of 
a traffic lane under investigation are data entry points 
at boundary conditions. Minimal and maximal values 
of traffic flow parameters for each road segment are set 
separately and may be different. Minimal values of traffic 
flow speed and concentration are usually equal to zero. 
Maximal possible value of speed is based on observa-
tions. Maximal permitted traffic flow concentration val-
ue may be calculated according to the following formula:

, 1

veh

i i

n
k

L
,   (1)

where: nveh – a number of vehicles in segment (units), 
Li,i+1 – a road segment length (m).

Let us suppose that a road segment cannot be over-
filled. If a number of vehicles on a road segment reaches 

an upper concentration limit, more vehicles cannot enter 
this road segment. If a road segment is full, the value 
of vehicles’ flow remains the same, increases or slightly 
decreases, but is insufficient and the road segment ahead 
remains overfilled, vehicles start accumulating on the 
road segment subsequent to the full road segment.

Vehicle flow speed is limited as well. Each road seg-
ment has its own speed limit which can differ.

If the road has several one-way traffic lanes, an as-
sumption that there is one traffic lane, the concentra-
tion parameters of which are proportionally increased, 
is taken in the simulation. This assumption enables to 
connect several one-way traffic lanes into one and the 
model becomes simpler because the migration of vehi-
cles from one traffic lane to another does not have to be 
taken into account.

Traffic lane segments that are split in the model 
are numbered Li–1,i, Li+1,i when i = 1...n, i – road point 
number. (Fig. 2). Points at the ends of this segment are 
merged with the ends of adjacent elements. The first 
point of an element is equal to the last point of the pre-
ceding element, and the last point of an element is equal 
to the first point of the subsequent element. Boundary 
conditions of the task are entered on boundary elements, 
the first point of the first element and the last point of 
the last road element.

Such points of boundary conditions (Fig. 2) are 1 
and 7. At these points during the whole modelling time 
the input and output system information is known. 
Therefore, the value of the flow, which may be constant 
or change according to the law known in advance dur-
ing the whole modelling time, is frequently entered into 
the system.

3. The Mathematical Model for Description  
of Traffic Flows and Internal Combustion  
Engines’ (ICE) Emission

3.1. Mathematical Model of Traffic Flows

Equations describing traffic flows and the explanation 
of equation members are presented in the paper of 
Junevičius, Bogdevičius (2009). Hereinafter mathemati-
cal expressions are presented.

Mathematical expressions of traffic flow parameters 
are described by the following formulae:

1 1
, , .,

max, max, 1

1
i i i

i in i k in i i
i i

k t q t
k p t r k t

k q

1
, , ,

max, 1 max,

1
i i

out i k out i i
i i

k t q t
p t r k t

k q
;          (2)

Fig. 1. Transport flow model on a straight segment  
of a traffic lane

Fig. 2. Description of elements of a straight road:  
a – two elements Li–1,i and Li+1,i, are connected at point i;  

b – a straight road segment drawn from several road 
segments connected at points 1÷7

Li–n,i–n–1 Li–1,i Li,i+1 Li+n–1,i+n

i–n i–1 i i+1 i+n......

... ...

a) b) 1

Li,i+1Li–1,i

2 3 4 5 6 7

e1 e2 e3 e4 e5 e6

i–1 i i+1
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1 1,
, , .,

1, max,

1
i i i i

i in i v in i i
i i i

v t k t
v p t r v t

L k

1
1, , ,

1,

1

2

i i
i i i out i v out

i i

v t v t
f k p t r

L

2

1 3
max, max,1

max, 1 max,

1

m

i i

i i

k t v t
m

k vi i
i

i i

k t v t
v t e

k v
, 

(3)

where (for simplicity parameters are described without 
indexes i–1, i, i+1): k(t), v(t) – sought traffic flow param-
eters: traffic flow concentration and speed; kmax – maxi-
mum possible flow concentration on a road segment 
(veh/m); vmax – maximum possible traffic flow speed on 
the element (m/s); L – discrete road segment length (m); 
  – time interval necessary for a traffic flow to cover 

a road segment, the length of which is equal to L (s); 
m1, m2, γ – constants; q – traffic flow intensity (veh/s); 
qmax – maximum possible intensity of the flow (veh/s); 
rk,in, rk,out – values of function introducing the correc-
tion for flow concentration change expression; rv,in, 
rv,out – function values introducing correction for flow 
speed change expression (functions rk,in, rk,out rv,in, rv,out 
depend on the concentration and speed values and these 
functions may have different values when the flow en-
ters and leaves the element); pin(t), pout(t) – probability 
of the flow entering the segment ahead (function pin(t), 
pout(t) values change in the course of time depending 
on the concentration and flow speed values’ change or 
may be introduced as handling functions; fi(ki+1,i) the 
function which depends on the unknown parameter k 
(this function describes the condition of the road seg-
ment element preceding road point ‘i’, i.e. it shows how 
intensively loaded this traffic lane segment is):

1 1
2 , 11 sign sign 1 , if and 0;

0, in other case;

i i
i out i i i i

i i

p t

i ef

 (4)

max,

.i
i

i

k

k
                                          (5)

The functions obtained when flow parameters 
change have the following advantages:

both functions of parameters change in the 
course of time and influence each other.
specified empirical functions rk,in, rk,out, rv,in, 
rv,out, which reduce sharp leaps of unknown pa-
rameters’ values are introduced.
functions allow the concentration value to obtain 
0 value and functions do not approximate to ∞.

Members of the equation system (2) and (3) correct 
the sought parameters of the flow speed and concentration.

Equation (2) member 
max,

1
i

i

k t

k
 describes traf-

fic flow concentration change speed at point ‘i’. Equa-

tion (2) member 
1

max, 1

1
i

i

k t

k
 describes the speed of traf-

fic flow concentration change at point ‘i+1’, and when 

traffic flow concentration on a traffic lane segment ahead 
of point ‘i’, in the direction of traffic flow movement, the 
value of this member approximates to zero (element’s 
loading approximates to the maximum possible concen-
tration on the segment). Therefore, a restriction which 
does not allow to overfill a traffic lane segment element 
is established. Moreover, when traffic flow concentration 
at points ‘i’ and ‘i+1’ approximates to value kmax, con-
centration change speed decreases.

Equation (2) member 
1 1

max, 1

i i

i

q t

q
 describes 

the condition of traffic flow on the segment preceding 
point ‘i’ in the direction of traffic flow movement. This 
member describes the flow concentration increase or de-
crease at point ‘i’ depending on the flow intensity on a 
traffic lane segment which precedes point ‘i’. Time inter-
val τi-1 during which the flow travels from one point to 
another is taken into account as well. This delay enables 
to describe the movement of the flow from one point 
to another more accurately in cases when the distance 
between points is relatively big, and the flow movement 
speed is relatively small. Such situation arises when a 
traffic lane is divided into long segments, and the flow 
movement speed is close to 0 m/s but is not equal to 0. 
The longer the distance between points and the smaller 
the flow movement speed on the segment are, the longer 
the delay time is.

Equation (3) member 
1 1,

1,

i i i
i

i i

v t
v t

L
 

de-

scribes traffic flow acceleration at point ‘i–1’ and its 

impact on the flow speed at point ‘i’; meanwhile mem-

ber 
1

1,

1

2

i i
i

i i

v t v t
v t

L
 describes average traffic 

flow acceleration between points ‘i’ and ‘i+1’. The latter 
member also takes into account the flow condition at 
the point subsequent to point ‘i’ in the direction of the 
flow movement. If traffic flow speed ‘i+1’ decreases, the 
speed at point ‘i’ decreases as well, and vice versus if 
the speed at point ‘i+1’ increases, the speed at point ‘i’ 
increases as well.

Equation (3) member 

1

1

max, 1

1

m

i

i

k t

k
describes 

tra ffic flow acceleration change between points ‘i’ and 
‘i+1’. If vehicle concentration on the preceding traffic 
lane segment is low, the value of the coefficient approxi-
mates to 1; when concentration is high, it approximates 
to 0. Therefore, when concentration on the preceding 
road segment increases, vehicle flow speed on road sec-
tion ‘i’ decreases.

Equation (3) member 
max,

1
i

i

k t

k
 does not allow the 

system to overfill at point ‘i’. When flow concentration 
value approximates to kmax, the value of the above-men-
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tioned member approximates to 0. Meanwhile, member 
2

3
max, max,

max,

m

i i

i i

k t v t

k vi

i

v t
e

v
 takes into account the 

number of vehicles at point ‘i’ and directly impacts on 
the concentration value at point ‘i’.

The number of vehicles on a traffic lane segment is 
calculated according to the following formula:

j

i

x

e

x

N k x dx , (6)

where: xi, xj – boundary points of a traffic lane segment, 
k(x)  – traffic flow concentration on a traffic lane seg-
ment.

Change in the number of vehicles on a traffic lane 
segment is described as follows:

i

i

t t

i i i

t

N t N t q t dt,  (7)

where: qi(t) – vehicle flow rate on traffic lane segment ‘i’.
In the text below an example of applying the math-

ematical model of lumped parameters of traffic flows is 
presented.

3.2. Equations for Description of ICE emissions

Modelling of automobile combustion products is rather 
complicated. The authors Mansha et al. (2010) and Des-
combes et al. (2003) investigate processes occurring in 
the internal combustion engine chamber in detail. The 
articles present programming packages used to simulate 
combustion processes and one can find out that the sim-
ulation of combustion processes is complicated and have 
a lot of random parameters which may influence on the 
simulation result. The most commonly used engines 

were generalised and their emissions were measured by 
autors (KTI – Institite for Trasnport Sciences) of docu-
ment ÚTMUTATÓ… (2006). The presented article con-
tains these experimental data used to describe engines’ 
emissions, which are presented in Table 1.

According to the statistical data presented by SE 
‘Regitra’ (http://www.regitra.lt), the number of motor 
vehicles registered in Lithuania are presented in Table 2. 
Lithuanian (Lietuvoje įregistruotų… 2011) and Hungar-
ian (Markovits-Somogyi, Torok 2010) vehicle fleetcare 
is very similar so for the modelling is used Lithuanian 
vehicle fleet.

The data presented in Table 2 show that M1 and 
N1 category vehicles, according to the data of 1 January 
2011 (Lietuvoje įregistruotų… 2011), make up 95.11% 
of registered vehicles; therefore, vehicular ICE emissions 
measured at different vehicle movement speeds are used 
for mathematical modelling (Table 1).

The dimensions of the values in Table 1 are meas-
ured in g/h and in g/km. The values from Table 1 are 
converted from g/h to g/s and are used to build the re-
gression equations Figs 3–7. These functions describing 
ICE emissions, which depend on one variable param-
eter, i.e. speed. Programming package Matlab was used 
to write functions. The method of writing each function 
is different because the curve which complies with the 
most measured parameters was sought for.

Functions describing ICE emissions, coefficients’ 
values, written functions and graphical expressions of 
the measured values are presented in Figs 3–7. The com-
pliance of regression functions with the measured data 
is 98–99  for all presented functions.

These functions are included in the mathematical 
model of the road traffic flow and may be used when 
forecasting or investigating road pollution dynamics. 

Table 1. Automobile emissions dependences on vehicles’ movement speed (ÚTMUTATÓ… 2006)

Speed, 
km/h

Emission 
measuring 

units

Passenger Cars Heavy Goods Vehicles

Emission factors for 2010 – forecast by the Hungarian dataset (2005)

CO CH(FID) NOx PM CO2 CO CH(FID) NOx PM CO2

0 g/h 69.5 4.975 2.11 0.357 1554 61.0 7.80 21.35 1.98 6631.5

5 g/km 13.90 0.995 0.422 0.0714 310.8 12.20 1.560 4.27 0.396 1326.3

10 g/km 11.00 0.900 0.416 0.0597 262.7 10.20 0.611 3.84 0.321 1040.0

20 g/km 7.12 0.714 0.394 0.0439 203.0 7.46 0.423 3.13 0.250 808.7

30 g/km 5.33 0.590 0.405 0.0351 171.7 5.86 0.285 2.83 0.221 716.5

40 g/km 3.97 0.435 0.411 0.0292 154.9 4.96 0.209 2.76 0.206 658.3

50 g/km 3.14 0.418 0.427 0.0255 148.0 4.18 0.166 2.73 0.195 635.6

60 g/km 2.37 0.416 0.486 0.0247 147.4 3.70 0.140 2.86 0.194 633.1

70 g/km 1.72 0.392 0.556 0.0249 151.0 3.18 0.125 3.13 0.191 660.2

80 g/km 1.52 0.379 0.623 0.0263 156.5 2.78 0.124 3.55 0.201 719.4

90 g/km 1.76 0.418 0.668 0.0286 165.6 3.17 0.126 4.13 0.227 822.6

100 g/km 2.07 0.433 0.724 0.0316 178.4 3.96 0.131 5.06 0.256 990.4

110 g/km 2.72 0.442 0.782 0.0345 194.3 – – – – –
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Regression equation and the function of the CO2 emis-
sions are shown in Fig. 5. Red line is negative when 
speed is close to 0 m/s. There is some limitation used to 
avoid inaccuracies in modelling. The speed value could 
variate from 0.1 m/s to vmax. Then the lowest CO2 emis-
sion quantity is not less than 0.06 g/m. The emissions are 
calculated in two different cases. When the speed is less 
or equal to 0.1 m/s then emissions values from Table 1 
are taken in g/h. These emission values are recalculated 
from Table 1 data when the speed is equalt to 5 km/h. 
When the speed is less or equal to 0.1 m/s then emis-
sions values (see Table 1) are taken in g/h. Examples of 
such modelling are presented in the next chapter.

Table 2. The number of road vehicles registered in Lithuania (data of 1 January 2011)

M1 passenger 
cars (units)

N1 heavy goods 
vehicles up to 
3.5 t (units)

M2 A buses up
to 5t (units)

N2 heavy goods 
vehicles over 3.5 t up 

to 12 t (units)

M3 buses
over 5 t (units)

N3 heavy goods 
vehicles over 12 t 

(units)

Total  
(units)

1734047 95930 7690 33628 7054 45651
1924000

M1+N1= 1829977 M2+N2= 41318 M3+N3= 52705

95.11 2.15 2.74 100

Fig. 3. Dependence of internal combustion engine  
CH emission on speed

Fig. 4. Dependence of internal combustion engine  
CO emission on speed

Fig. 5. Dependence of internal combustion engine  
CO2 emission on speed

Fig. 6. Dependence of internal combustion engine  
NOx emission on speed

Fig. 7. Dependence of internal combustion engine  
PM emission on speed
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4. Modelling Examples

The mathematical model is constructed based on the as-
sumptions presented in Chapter 2. A straight 100 m long 
road section, at the ends of which boundary conditions of 
the task are introduced, is taken for modelling. A section 
of the simulated road is divided into 6 segments. Bound-
ary conditions of the task are introduced at points 1 and 7.

Two tasks are solved. According to the conditions 
of task 1, the road is filled in the beginning of the sim-
ulation, and boundary conditions are as follows: v1 = 
5.0 m/s; v7 = 0.1 m/s; k1 = 0.18 veh/m; k7 =0.18 veh/m 
in the initial moment k = 0.01 veh/m and v =1.0 m/s at 
all points.

Modelling results are presented in Figs 8–14.

Fig. 8. Dependence of internal combustion engine  
CO2 emission on time at road points

Fig. 9. Dependence of internal combustion engine  
CO emission on time at road points

Fig. 10. Dependence of internal combustion engine  
CH emission on time at road points

Fig. 11. Dependence of internal combustion engine  
Pm emission on time at road points

Fig. 12. Dependence of internal combustion engine  
NOx emission on time at road points

Fig. 13. Dependence of vehicles’ flow speed on time  
at road points

Fig. 14. Dependence of vehicles’ flow concentrations on time 
at road points

276 R. Junevičius et al. Modelling of internal combustion engines’ emission through the use of traffic flow ...

D
ow

nl
oa

de
d 

by
 [

V
iln

iu
s 

G
ed

im
in

o 
T

ec
h 

U
ni

ve
rs

ity
] 

at
 2

2:
54

 2
4 

O
ct

ob
er

 2
01

1 



According to the conditions of task 2 in the be-
ginning of modelling the road is empty, and boundary 
conditions are as follows: v1 = 1.0 m/s; v7 = 5.0 m/s; k1 = 
0.01 veh/m; k7 =0.01 veh/m at the initial moment k = 
0.18 veh/m; v =1.0 m/s at all road points;

Modelling results are presented in Figs 15–21.

Fig. 15. Dependence of internal combustion engine  
CO2 emissions on time at road points

Fig. 16. Dependence of internal combustion engine  
CO emission on time at road points

Fig. 17. Dependence of internal combustion engine  
CH emission on time at road points

Fig. 18. Dependence of internal combustion engine  
NOx emission on time at road points

Fig. 19. Dependence of internal combustion engine  
Pm emission on time at road points

Fig. 20. Dependence of vehicles’ flow concentration  
on time at road points

Fig. 21. Dependence of vehicles’ flow speed on time  
at road points
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5. Conclusions and Discussion of Simulation Results

Two different cases are simulated.
In the first case, the road segment is empty and 

during simulation is filled with vehicles.
In the second case, in the beginning of simulation 

the road segment is filled and becomes empty during 
simulation. The change of traffic flow parameters k and 
v at all road points is shown in detail in Figs 13–14 and 
Figs 20–21.

In the first case, when the road is empty, the speed 
at road points increases up to the maximum speed limit, 
and when the road is filled, it decreases to 0 m/s Figs 
13–14.

In the second case, concentration at the road points 
gradually starts to decrease, and the speed gradually in-
creases up to the maximum speed limit from the last 
road point, Figs 20–21.

ICE emissions at all road points increase because 
the road segment has some vehicles. In the first case, 
when in the beginning of modelling the number of ve-
hicles were almost equal to 0, ICE emissions increase 
during the whole modelling time. In the beginning of 
modelling this increase is non-linear, and when the road 
segment is filled, it is linear as speed does not impact on 
the modelling results, Figs 8–12.

In the second case, when the road segment in the 
beginning of modelling is filled, ICE emissions increase 
as well. At the end points of the road, where vehicles 
start exiting, emissions start decreasing, Figs 15–19. It 
can be explained by the fact that at the end of the road 
the number of vehicles decreases and vehicles’ speed in-
creases.
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Abstract. Th e article describes mathematical models of traffi  c fl ows to initiate diff erent traffi  c fl ow processes. 

Separate elements of traffi  c fl ow models are made in a way to be connected together to get a single complex model. A 

model of straight road with diff erent boundary conditions is presented as a separate part of the network traffi  c fl ow 

model. First testing is conducted in case the fi nal point of the whole modelled traffi  c line is closed and no output from 

that point is possible. Th e second test is performed when a constant value of traffi  c fl ow speed and traffi  c fl ow rate is 

entered. Mathematical simulation is carried out and the obtained results are listed.

Keywords: traffi  c fl ow, intersection, modelling, traffi  c fl ow regulation, vehicle.

1. Introduction

Modelling the process of traffi  c fl ow was previously stud-
ied from diff erent points of view and diff erent mathe-
matical methods were used to describe the same process. 
It also encounters diffi  culties in choosing an appropriate 
method of deriving physical appearance we can notice 
on our streets and roads. Diff erent authors have diff er-
ent views to the same phenomena and are focusing on 
diff erent aspects of the same problem (Junevičius and 
Bogdevičius 2007; Junevičius et  al. 2007; Berezhnoy 
et al. 2007; Akgüngör 2008a and 2008b; Daunoras et al. 
2008; Yousefi  and Fathy 2008; Gowri and Sivanandan 
2008; Jakimavičius and Burinskienė 2007 and 2009; An-
tov et al. 2009, Knowles 2008; Gasser 2003; Helbing and 
Greiner; Knowles 2008 etc.).

All authors have an agreement on basic traffi  c fl ow 
parameters like, traffi  c fl ow density, traffi  c fl ow rate or 
the average speed of traffi  c fl ow. Besides, a lot of diff erent 
investigations into the use of traffi  c fl ow models to deal 
with various problems of engineering are carried out, 
for example in Sivilevičius and Šukevičius (2007) paper.

A comparison of diff erent continuum models has 
drawn that a number of scientifi c works were based 
on fl uid dynamic theory and gas  – kinetic traffi  c fl ow 
theory. Th e kinetic traffi  c fl ow theory is used for ‘mi-
croscopic’ or ‘macroscopic’ traffi  c fl ow models. Th e ki-
netic traffi  c fl ow theory is used in Flötteröd and Nagel 
(2007), Gning et al. (2008), Li and Xu (2008), Prigogine 
and Herman (1971) works where various approaches to 
the similar method are discussed. Th e equations of these 

models take diff erent values to derive the same process. 
Th e kinetic theory was fi rst used by Prigogine and Her-
man (1971) and co-workers. Th ey suggested an equation 
analogous to Boltzmann equation. Th is theory was later 
criticized by many authors like Tampère (2004) etc. the 
papers of whose show the experience of Pavery-Fontna 
who noticed that Prigogine model had inaccuracies 
comparing the results of modelling and physical experi-
ments. He suggested vehicle desired velocity towards 
which its actual velocity tends. Later, many authors 
mainly focused on a better statistical description of the 
traffi  c process.

Th e ‘macroscopic’ theory of traffi  c fl ows also can 
be developed as the hydrodynamic theory of fl uids that 
was fi rst introduced by Lighthill-Whitham and Richards 
model (Chalons and Goatin 2008; Kim and Keller 2002; 
Liu et al. 2008; Bonzani 2007; Nikolov 2008). Th ey pre-
sented one dimensional model analogous to the fl uid 
stream model. Th is theory was also criticized by such 
authors as Tampère (2004) and Daganzo and Nagatani 
(Liu et al. 2008) who proposed the lattice method. Naga-
tani and Nakanishi model took into account that all ve-
hicles were moving at the same time-independent speed 
and in the same gap between vehicles. Th is method was 
improved later by considering the next-nearest neigh-
bour interaction Liu et al. (2008).

Plenty of traffi  c fl ow models are based on car–fol-
lowing theories supported by the analogues to Newton’s 
equation for each individual vehicle interacting in a sys-
tem of vehicles on the road. Diff erent forms of the equa-
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tion of motion give diff erent versions of car-following 
models. Stimulus, from which response may occur, may 
be composed of the speed of a vehicle, diff erence in the 
speeds of leading and going aft er the vehicle, distance–
headway etc.

Follow-the-leader and optimal-velocity theories 
are mostly known car-following theories and have been 
used by Tampère (2004), Kerner and Klenov (2006). Ap-
plying these methods, kinetic and fl uid dynamic models 
could be extended to the critical points when the ki-
netic and fl uid theory gives us inaccuracies comparing 
with experimental data. For example, the car-following 
theory could comprise the next-nearest neighbour ef-
fect in various lattice models, whereas optimal-velocity 
models give us an opportunity to model diff erent situ-
ations, for example interacting vehicles having diff erent 
characteristics (car and truck) or vehicles with diff erent 
desired and optimal speeds. Nevertheless, all these im-
provements face the problems of properly working mod-
els or experience diffi  culties in achieving an appropriate 
solution.

Another point causing diffi  culties is the so called 
‘vehicular chaos’ that is an analogue to ‘molecular chaos’ 
used in the kinetic theory of gases. Th e authors inves-
tigated such phenomena in their works (Chalons and 
Goatin 2008; Safanov et  al. 2000; Kerner and Klenov 
2006). Kerner and Klenov (2006) denotes unstable 
points on the fundamental diagram. Th ese points indi-
cate minimal density of growing infi nite small fl uctua-
tions and express a zone for speed variation depending 
on vehicular density.

A similar zone for speed variation is presented 
in works by Chalons and Goatin (2008), Safanov et al. 
(2000). Th e authors derived alternate vehicle transition 
to the cases of unstable zones. Th ese models clearly ex-
plain empirical data on the brake–down points of the 
fundamental diagram.

2. Description of Traffi  c Flow Mathematical Model

To model traffi  c fl ow, an equation system taking into 
account two parameters is used: traffi  c fl ow speed and 
traffi  c fl ow density. Th ese parameters are calculated on 
each point of the road and information on the previous 
and next point of some road mesh is considered (Fig. 1).

At each point ‘i’ equations 1 and 2 are derived. 
Equation 1 derives variations in traffi  c fl ow speed and 
equation 2 derives variations in concentration at each 
point i.

( ) ( ) ( ) ( )− −

−

⎛ ⎞− τ ⎛ ⎞
⎜ ⎟= ⋅ ⋅ ⋅ − ⋅ +⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

1 1,

, , .,
1, max,

1
i

i i i i
i in i v in i i

i i i

v t k t
v p t r v t

L k
�

( ) ( ) ( ) ( )+
+

+

⎛ ⎞+
− ⋅ ⋅ ⋅⎜ ⎟⎜ ⎟

⎝ ⎠

1
1, , ,

1,

1

2i

i i
i i i out i v out

i i

v t v t
f k p t r

L

( ) ( ) ( )
( ) ( )⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟γ ⎜ ⎟ ⋅⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠+ ⎝ ⎠

+

⎛ ⎞ ⎛ ⎞
− ⋅ − ⋅⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

2

1 3
max, max,1

max, 1 max,

1 ;

m
i i

i i

k t v t
m

k v
i i

i
i i

k t v t
v t e

k v
          

                                                                              
(1)

( ) ( ) ( ) ( )− −

−

⎛ ⎞ ⎛ ⎞− τ
= ⋅ ⋅ − ⋅ ⋅ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

1 1
, , .,

max, max, 1

1
i

i i i
i in i k in i i

i i

k t q t
k p t r k t

k q
�

( ) ( ) ( ) ( )+

+

⎛ ⎞ ⎛ ⎞
⋅ ⋅ − ⋅ ⋅⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

1
, , ,

max, 1 max,

1
i

i i
out i k out i i

i i

k t q t
p t r k t

k q
 

,

    

(2)

where: ,iv inr , ,ik inr , ,ik outr  and ,iv outr   – parameters are 
taken from empirical data; vmax – the maximal possible 
value of traffi  c fl ow speed at each point; Li – road seg-
ment depending on point ‘i’; kmax – the maximal pos-
sible value of traffi  c fl ow density at point ‘i’; qmax – the 
maximal possible traffi  c fl ow rate at point ‘i’, qi  – the 
calculated traffi  c fl ow rate; qin,i, qout,i – the probability of 
fl ow splitting or connecting at some traffi  c line intersect-
ing point (It means that traffi  c fl ow could split between 
several traffi  c lines or be diverted to some exact traf-
fi c line or connected to one from several separate traf-
fi c lines. Depending on time, this parameter could be 
a constant or a function. It could be used as a control 
function to model traffi  c fl ow intersections, traffi  c ac-
cidents and other perturbations that could occur on the 
road network); fi(ki+1,i)  – is some function depending 
on parameter k:

( )( ), 1 , 1
1 12 , ,

, ,
, , 1 ,, , 0

0, otherwise.

i i i i
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i i i i
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Th is function takes into account the state of the 
road segment in front of point ‘i’.

Other coeffi  cients are γ =3 5.5 , γ =2 2.5 , =1 6m , 
=2 10m .

ε =
max

ik

k
.

 

(4)

Some explanations about the members of equations 
(1) and (2) are given below.

Th ese are the members of equation 1:
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traffi  c fl ow acceleration.
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⎛ ⎞
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1
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k
 shows variations in the 

acceleration of traffi  c fl ow between points ‘i’ and 
‘i + 1’.

• Member 
( )

−
max,

1
i

i

k t

k
 characterizes traffi  c fl ow ful-

fi lling point ‘ i ’.

Fig. 1. A scheme for deriving traffi  c fl ow values at 

each traffi  c line point

i – 1 i + 1i

Li , i–1 Li, i +1
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m
i i

i i

k t v t

k v
i

i

v t
e

v
 takes into 

account the amount of vehicles at point ‘i’ and is 
subject to concentration value at point ‘i’.

Th ese are the members of equation 2:

• Member 
( )

−
max,

1
i

i

k t

k
 considers traffi  c concentra-

tion at point ‘i’ and member 
( )+

+
− 1

max, 1

1
i

i

k t

k
 consid-

ers traffi  c fl ow concentration at point ‘i + 1’. It 
means that in case a road in front of point ‘i’ is 
occupied, there is no possibility of entering the 
road segment in front of point ‘i’.

• Member 
( )− −

−

− τ1 1

max, 1

i i

i

q t

q
 takes into account traffi  c 

fl ow rate at point ‘i – 1’ which means that at point 
‘i – 1’, there should be some quantity of vehicles 
that can enter point ‘i’; otherwise the value of 
traffi  c fl ow rate becomes equal to 0. Th e delay of 
traffi  c fl ow rate that comes from point ‘i – 1’ to 
point ‘i’ is also regarded.

• Member 
( )

max,

i

i

q t

q
 shows outgoing traffi  c fl ow rate 

from point ‘i’ to point ‘i + 1’.
Th e quantity of vehicles at each road segment could 

be calculated by the equation:

( )= ∫
j

i

x

e

x

N k x dx , (5)

where: xi,j – traffi  c line segment boundary points; ki,j – 
concentration values at boundary points.

Variance in the quantity of vehicles at each road 
segment could be derived by the equation:

( ) ( ) ( )
Δ +

= + ∫
i

i

t t

i i i

t

N t N t q t dt . (6)

3. Model Description. Numerical Experimental Study

Two cases of mathematical experiment are presented.

Case 1.
To model traffi  c fl ows in this paper, the following 

considerations are required. First, it is acknowledged 
that the part of the road between two intersections is 
divided into some intervals ei (Fig. 2).

Each element has two points at the ends of the in-
terval. Two elements are connected at the same point, so 
each element has two points that belong to two diff erent 
elements.

An exception is the fi rst and the last point of the 
road part that is under investigation as these points are 
road input and road output respectively.

Th e number of points is 11 (10 elements); the 
length of the road is L = 1 km (Fig. 2).

Boundary conditions at the fi rst and fi nal points are:

• Traffi  c fl ow rate:

( )= = =10, 0.5 veh /sq x t q ;

( )= = =11, 0 veh /sq x L t q ;

• Traffi  c velocity:
= = = =1( 0, ) 13.888 m/s 50 km/hv x t v ;
= = =11( , ) 0 m/sv x L t v .

• Initial conditions:

( ) −= = 40 10 m/siv t ; ( ) −= = 40 10 veh /mik t ; 
= 2,...,10i .

Velocity, traffi  c fl ow rate and fl ow density rate are 
shown in Fig. 3, 4 and 5.

Th e dependency of a total number of vehicles on 
the road on time is shown in Fig. 6.

Fig. 2. Th e structure of creating a part of one way road
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Fig. 3. Th e dependency of fl ow velocity on time at 
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Fig. 4. Th e dependency of the traffi  c fl ow rate on time at 

each point ‘i’

Fig. 5. Th e dependency of traffi  c concentration on time at 

each point ‘i’
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Th e end of the road is closed so the vehicles en-
ter the road but do not leave it. Estimating the result 
of simulation shows that the road should be overfi lled. 
Th e investigated part of the road was empty at the start, 
so speed at the beginning should grow. At a later stage, 
speed should reach a maximum value. When the road is 
overfi lled, speed should decline to 0.

Th e data of the conducted mathematical experi-
ment point to the expected results. Th e empty traffi  c 
line was fi led with vehicles and the maximum 0.2 veh/m 
concentration was reached. First, the end of the traffi  c 
line was fi led up, and then the entire road was fi led. Traf-
fi c fl ow speed reaches the maximum value at the begin-
ning of simulation and when concentration starts grow-
ing, the speed value reduces to zero.

Traffi  c fl ow rate reaches the maximum value and 
starts declining from the end point of the road. Th e 
maximum value of vehicles on the road at peak mo-
ment is almost 200 which is the maximum value that 
could appear on the road when vehicles are bumper to 
bumper.

Case 2.
Boundary conditions at the fi rst and fi nal points 

are (Fig. 2):

• Traffi  c fl ow rate:

( )= = =10, 0.5 veh /sq x t q ;

( )= = =11, 0.575 veh /sq x L t q .

• Traffi  c velocity:
= = = =1( 0, ) 13.888 / 50 km/hv x t v m s ;
= = =11( , ) 10 m/sv x L t v .

• Initial conditions: ( ) −= = 40 10 m/siv t ;

( ) −= = 40 10 veh /mik t ; 2, ... ,10i = .

Velocity, traffi  c fl ow rate and fl ow density rate are 
shown in Fig. 7, 8 and 9. Th e dependency of a total 
number of vehicles on the road on time is shown in 
Fig. 10.

Th is test has come up with similar results. Th is 
time, the end of the road is open, so all vehicles enter-
ing the traffi  c line could leave it. Speed at the fi rst point 
is lower than incoming speed in the fi rst case. Traffi  c 
fl ow rate at the end point is higher than that in the fi rst 
case. Th us, in general, traffi  c fl ow rate and concentra-
tion decline at each point of the road coming from the 
fi rst point to the last one and this is due to diff erence in 
traffi  c fl ow rate under the boundary conditions of the 

traffi  c line. Also at the end of simulation, the constant 
value of vehicles on the road is received. Th e quantity 
of vehicles on the road becomes constant at the end of 
simulation (Fig. 10).

Fig. 6. Th e dependency of a total number of vehicles 

on the road on time
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Fig. 10. Th e dependency of a total number of vehicles on the 

road on time
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4. Conclusions

1. Th e presented traffi  c fl ow model gives theoretically 
expected results. In each case of simulation, the results 
are related to boundary conditions. In the fi rst case, the 
end of the road is closed, ( )= = =11, 0 veh /sq x L t q

 
, 

so the number of vehicles on the road increases and 
reaches the max possible quantity of almost 200 
vehicles. In the second case, the end of the road is 
opened, ( )= = =11, 0.575 veh /sq x L t q , so after 
some time, the maximum quantity of almost 30 ve-
hicles is reached.

2. At the beginning of the simulation process, the road 
was empty. Aft er some time, all segments on the road 
were fi lled. First, some concentration and fl ow values 
were received. For a while, those values were almost 
constant. Overfi lling the last point starts at a time step 
of 60 sec. Th en, all cells were fi led in equal time steps 
(see Fig. 4 and Fig. 5). Fig. 5 shows that concentration 
reaches a maximum possible value because the road 
is closed. Fig. 9 indicates that concentration values 
are diff erent at all points due to boundary conditions.

3. Traffi  c fl ow speed is maximal at all points when con-
centration is low and begins to increase when con-
centration starts growing

4. Th e process of road fi lling starts from the end point 
in Case 1 which means that the last road segment was 
fi lled fi rst. At a later stage, road segment before him 
was fi led. Th us, the process of fi lling the entire road 
starts from the last segment and reaches the fi rst one. 
Fig. 3, Fig. 4 and Fig. 5 clearly indicate that traffi  c 
fl ow rate and traffi  c fl ow concentration change in the 
same order.
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Abstract.  Modelling of straight road section consisting of one traffic line gives the opportunity to simulate “follow 
the car” system. In general it looks like a line of vehicles, going one after another. Kinetic theory, used in this paper 
describes traffic flow system as a straight unbroken line with limited flow speed and concentration. Such model also 
gives the opportunity to derive traffic lines intersections. For example, intersection could be derived like a point with 
traffic lines coming and outgoing from this point by only changing boundary conditions. Mathematical model is built 
using characteristic method. 
 

Keywords: Traffic flow, kinetic theory, modelling, characteristic method. 

 
 

1. Introduction 

Traffic lines intersection gives difficulties to 
model two−way crossroads. To solve this problem at 
first step we are modelling one-way one line traffic 
flow intersection with two incoming one outgoing and 
with one incoming and two outgoing traffic flows. 
Such model gives solution to classic bottleneck situa-
tion on a road. The second step is to determine two line 
traffic flow model to solve various crossroad problems. 

Similar situations were studied in literature [1–6]. 
Authors in the works [1, 2] based their solutions on ki-
netic theory, made various traffic flow models on 
straight road, driver behaviour model. Authors of litera-
ture [3] did research into traffic modelling and control 
using neural networks, authors [6, 7] concentrated on 
traffic control and regulations in cities. 

In this paper at first we derive equations of traffic 
flow on straight road using characteristic method, and 
using these results determine traffic flow intersections. 

2. Traffic flow model using characteristic method 

Basic equations of traffic flow model using kinetic 
theory are [3]:  

,0=
∂
∂+

∂
∂+

∂
∂

x

V
k

x

k
V

t

k
  (1) 

,
x

k
dt

dv
k

x

k

x

V
kV

t

V
k

v ∂
Θ∂−=

∂
∂Θ+

∂
∂+

∂
∂

 (2) 

where: k − concentration; V − traffic flow speed; Θ – 
speed variation; x – point on a road; v – vehicle speed. 

Using characteristic method the road section is di-
vided into pieces of length xΔ  (Fig 1) [5]. Each piece 
has information which is concentrated in boundaries. 
Each peace boundary point takes information: velocity 
v and concentration k.  

 

 

Fig 1.  Characteristic net 
 

System of equations (1) and (2) can be written as 
the system of second-order quasi-linear differential 
equations: 
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where: [ ],A  [ ]B  are matrices, 
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and { }f  is vector, 
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⎧
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x
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v

 

which depends on t, x and elements ui of vector {u}T = 
[k, V].  

Equating the determinant of matrix [ ] [ ]
dt

dx
AB −  to 

zero, 

[ ] [ ] 0=−
dt

dx
AB  

we shall receive the equation which allows determining 

dt

dx
 derivative and determines characteristic direction.  

This equation has two various real roots dx / dt = 
λi (i = 1,2): 

C+: Θ+= V
dt

dx
;  (4) 

C–: Θ−= V
dt

dx
,    (5) 

From equations (1) and (2), using steps listed 
above, after several transformations receive plus and 
minus characteristics which have such forms: 

C+: ;01 =−Θ+ g
dt

dk

kdt

dV
 (6)  

C–: ,02 =−Θ− g
dt

dk

kdt

dV
 (7) 

where gi (i = 1,2) are traffic flow speed variations.  

xdt

dv
g

v ∂
Θ∂−=1 ; 

xdt

dv
g

v ∂
Θ∂−=2 . 

The system of two nonlinear algebraic equations is 
obtained from conditions of compatibility with charac-
teristics: 
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From these equations receive two parameters v 
and k in each road section boundary point. To deter-
mine traffic flow value in road section at first it is need-
ful to determine average flow speed. Generally it could 
be average vehicle speed. 

Equation to calculate traffic flow q has the follow-
ing form [1]: 

kVq = .        (10) 

Equations listed above could be used for solving 
different traffic flow problems. 

3. Traffic flow intersections 

In this chapter three typical intersections schemes 
will be determined. The first one is a situation when two 
different traffic flows come into one, as shown in Fig 2. 

 










 

Fig 2. Traffic flow intersection diagram 
 
Intersection is determined as a point at which three 

separate flows cross. In this case to model interflow 
two C+ and one C− characteristics and additionally one 
input and one output leaks are used. Equations of this 
model could be written in the following form: 
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Then traffic flow becomes: 
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( ) ( ) ( ) −−− 3,32,21,1 DDD kVpkVpkVp

( ) ( ) ,0504 =+ tqptqp inut  (14) 

∑
=

=
5

3

,1
i

ip         (15) 

here: −ip probability that action may be done. 

 
The second one is a situation when single traffic 

flow splits into two different traffic flows (Fig 3). 
 










 

Fig 3. Traffic flow intersection diagram 
 
Intersection also is determined as a point at which 

three separate flows cross. In this case one C+ and two 
C– characteristics and additionally one input and one 
output leaks are used. Equations of this model could be 
written in the following form: 
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Then traffic flow becomes: 

( ) ( ) ( ) −−− 3,32,21,1 DDD kVpkVpkVp

( ) ( ) ;0504 =+ tqptqp inut  (19) 
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The third one is intersection of four roads. Each 

road has two, opposite direction of movement, traffic 
lines (Fig 4). 


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
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



 

Fig 4. Traffic flow intersection diagram 
 
In this case to determine equations of movement 

on each road line it is needful to assign C+ characteris-
tic on outgoing traffic line and C– characteristic on in-
going traffic line. Boundary condition of each road at 
intersecting point is built using equations (8) and (9). In 
primitive form these equations can be written in the fol-
lowing way: 

⎪⎩

⎪
⎨
⎧

=Φ=Φ

=Φ=Φ
−

+

.0),(::2,

;0),(::1,

2,,2,,22
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kDkD

kDkD

kVCK

kVCK
 (21) 

In this equation index 1 is used for incoming and 
index 2 is used for outgoing traffic flows.  

Each of four roads is derived in the same order so 
in the end receiving equation system from 8 equations. 

When boundary conditions are set, the next step is 
to balance incoming and outgoing flows. Traffic flows 
balance derivation then takes the following form: 

( ) ( ) .0
4

1

4

1
2,2,1,1,9 =−=Φ ∑ ∑

= =k k
kkkk kVpkVp  (22) 

Now there are all 9 equations and it is almost pos-
sible to get a solution. The final step to derive equa-
tions is to set correct probability laws for all traffic 
lines. 

Probability equation for incoming flow in general 
form is expressed as: 
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Probability equation for outgoing flow in general 
form will be as follows: 

;1

;1

;1

;1

2,1,42,1,32,1,2

2,4,32,4,22,4,1

2,3,42,3,22,3,1

2,2,42,2,32,2,1

=++

=++

=++

=++

ppp

ppp

ppp

ppp
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4

1
2,, =∑

=i
ikp ;4..,,1=i .ki ≠        (24) 

Equations (23) and (24) show that incoming flow 
from any of four roads can be splited and steered to all 
three, to two or one outgoing lines. This could be done 
by changing probability values from 0 to 1. Probability 
can be taken like the opportunity of choice. Then model 
may be reorganized so as to minimise or maximise the 
desired parameter. Or probability may be taken as a 
strict rule and in that case it is possible to model traf-
fic−light controlled crossroads.  

Solution of such equations has quite a simple 
form. In general it can be as follows: 
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where:  
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. (26) 

These equation systems are used to derive the so-
lution for each section boundary point. To get a solu-
tion it is very important to take correct time step of cal-
culation Δt. Time interval Δt is related to road section 
Δx. To get the right solution it is important to sustain 
the specification [5]: 

.1≤
Δ
Δ=

x

t
Cr   (27) 

In the end, such or similar model could be used to 
solve problems in various road intersection cases, in 
uncontrolled traffic flows, and to solve problems re-
lated to traffic control in cities. 

4. Conclusions 

1. Using characteristic method and kinetic theory it is 
possible to make traffic line intersection models in 
quite a simple way and the models are suitable to 
use for solving various problems. 

2. Intersection models in general are similar to other 
models, but in this case it is possible to determine 
the dynamic system of long straight road sections 
intersecting each other. 
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Abstract

Modell ing of straight road section consisting of one traffic l ine gives the opportunity to simulate "lollow the car"

system. ln general lt tooks l ike a l ine of vehicles. going one ifter another' Kinetic theory' used in this paper

describes traffic f low system as a straight unbroken lin. *irtt l imited flow speed and concentration' Such model

also gives the opportunitl., to derive traffic l ines intersections. For example. intersection could be derived l ike

point with traffic l ines coming and outgoing from this point by only changing boundary conditions'

Marhematical model is built using characteristic method'

KEY WORD S: Trffic.flotr. kinf,tic theory" modelling' characteristic method

1.  Int roduct ion

Traffic l ines rntersection gives diff iculties to model two-waY crossroads. To solve this problem at f irst step we

are modellrng one wa),one line"traffic f low intersection with two incomins one outgoing and rvith one tncoming and

two outgoing traffic f ' lo$,s. Such model gives solution to classic bottleneck situation on a road' The second step ls to

determine two tine traffic f low model to soive various crossroad problems'

Similar siruarions rvere studied in l i terature Il-6]. Authors in the rvorks i l.2] based their solutions on kinetic

rheory, rnade 'arious traffic f low models on straighiroai. driuer-behaviour model. Authors of l i terature [3] did research

in traffic modelSng and control using neural netiorks. authors [6, 7] concentrated on traffic control and regulations tn

c i t ies.
In this paper at f irst we derive equations of traffic f low on straight road using characteristic method' and usrng

these results determine traffic f low intersectlons'

2. Traffic t lorv model using characteristic method

Basic equations of traffic f low model using kinetic theory are [3]:

ak . -ak ,av2at r r ' '  '  k  =0 ,
0r Ax Ax

.  av , . .av ^ak
k : - , tY  -7 -  '  tYT -

of ox ox

( r )

/  ' \  ^ n
I  / l r t  \  /11- l

,  /  q ,  \
- L ' l -  l  - A ' -

\ d t l .  c x
1 1 \

- vehicle speed.

(Fig l )  [5 ] .  Each Piece has

information: velocitY v and

I re re : t - concen t ra t i on :V - t ra f f i c f l owspeed ;O-speedva r i a t i on ; x -po ln tona road : l

Using charactenstic method the road section is divided into pieces of length ar

information which is concentrated in boundaries. Each peace boundary point takes

r  ,  [ i  o ' l
L.ql = 

Lo *.1 ,

concentration t .

Svstem ofequations (1) and (2) can be written as the system ofsecond-order quasi-l inear differential equations:
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here: l l l ,  16l  are matnces.
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andf) isvector,

which depends on /, x and elementst/i of vector
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t

I

)--
Equating the determinant of matrix [g]- h]? at

Here g; (t = 1,2) are trafTic tlow speed variations.

. ,l-
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Fig. 1. Characteristic net

to zero,

ltul-trt*l =o
I  d t l

we shall receive the equation which allorvs determining { d.riu"tiue anti determines characteristic direction. This
dt

equation has two various real roots dr I dt = ir (i = 1,2) :

(4)

(5 )

From equations (l) and (2), using steps listed above, after several transformations receive plus and minus characteristics
which have such forms:

(6)

(7)

l a v \

\d t l ,

ao
Ox

c ' I



ao
- a

ox

The s;-stem of two nonlinea

0 t = L ' o - V t

Q : = I ' o - V n

From these equations receive two parameters v and k in each road section boundary point. To determine traffic

flow value in road secrron at f irst it is neidful to determine average flow speed' Generally it could be average vehicle

speed.
Equation to calculate traffic f low q has the following form [1]:

t2

I a,\
o .  = ( - lD-  

\a t l ,

r algebraic equations is obtained from conditions of compatibil i ty on characteristics:

r[r"6) rJo)I ^'
- ; r r  .  r  - r  ,  I  l (4 ,  

-k r ) - ] (s , ,  +g, , )=o:  (8)
, [ \  n  ) t  \  "  t o - )

f  ,  - \  /  - \  I

-+it+l .l+l 1t^, -k*)-*(*.,+g.o)=0: (s)
- L \  ^  ) R  \  "  t o - )

Q = k V  '

Equations listed above could be used for solving different traffic flow problems'

(  1 0 )

3. Traftic f lorv intersections

Tirere is chosen intersection rvith four incorning and four outgoing traffic l ines in this chapter (Fig 2a') '

Roundabout is divided in to eight parts. Four of them in opposite points are connectins to strait road sections with

incorning and outgoing traffic l ines. So in the end in each of th.r. four points are two incoming and two outgoing

traffic l ines and to determine such intersecrion using characteristic method each incoming Iine is deriVed using c- and

each outgoine l ine is derived using c- characteristics. Roundabout road part is derived l ike straight road part rvith the

same boundary condi t ions in  the ends (F ig 2b ' ) '

@ o
oooo@@

a) o)

Fig. 2. a) Ring type intersection' b) Simplif ied ring type rntersectron'

In the end there is a system of four road intersections of two incoming and two outgoing traffic l ines connected to

each other and deriving the ring. Additional eight traffic l ines hide inflorvs and outflows to ring type road section' So rn

that cor-rfiguratlon rs 
"utia 

g.n!r"t characterist]c method 1aw, each section starts from C' characteristic from one side

and C- characteristic from another'

Roundabou t t ra f f i c f l owhasp r ro r r t yon rncomingS t ra igh t roadsec t i ons 'a l so to leave the r i ngsec t i on . I ncase the
flow concentration ot'r ing section point one step ahead and one step behind is law the flovn' cap in leak frorn outside

traffic l ine. To prevent ring section overload consider ring section top concentration ft ' ;,-. which is equal to jam

concentration. Rrng type road segment is derived using equations 8'9'10'



t J

To determine equations of movement on each road line it is needful to assign C- characteristic on outgoing

t."ff ic t ine antl C- characteristic on ingoing traffic l ine. Boundary condition of each road at intersecting point is buiit

usng .quo,ions 8 and 9. ln primitive tbrm these equations can be written in the tbllowing way:

K , l ' .  C *  i @ ,  =  Q , ( V o , r . , , k o . r . , )  = 0 :

K,2  :  C-  i  @,  =  Q r . (Vo. r . . , k  o . r . . )  =  0 ;

K , 3 ' .  C *  :  O ,  t  Q , ( V o . r . r , k  o . r . r )  =  0 ;

K , 4 : C - i O :  =  Q r . ( V o . r . r , k r . * . r )  =  0 .

( l  r )

ln this equation index I is used for incomine and index 2 is used for outgoing tratfic tlorvs.

Each of iour intlorv road is derived in the same order so in the end receiving equation system tiom 8 equations.

When boundary conditions are set, the next step is to balance incoming and outgoing florvs. Traffic tloiv

incoming - outgoing balance derivation then takes the following form:

r h  - S "  / ' " \  s -  t ' V ) ^ . . = 0 .
t "  =  

i  
p , , . r \Ky  ) t t  -  

L  p r . : \K

Here'. p - probability of an action to be taken.

Probability equation fbr incoming florv in general form is expressed as:

P r . t +  P r . : *  P t . : . : *  P t . + . :  * P r . r . :  = l i

P = . r  *  P : . r . : *  P : . ; . :  *  P z t . : *  P : . : . :  =  l ,

P : . r  *  P : . r . :  *  P i . : . z  *  P : t . z *  P ; . ;  :  =  I '

P r . r *  P t . r . : *  P t . : . : *  P t . i . z +  P t . , . : - - l '

Probabil ity equation tbr outgoing florv in general form rvil l  be as tbllows:

P r . : . :  - P ; . : . :  -  P r . : . : *  P : . : . :  = l l

Pr. i . :  *  P:. ; . :  + P+.: . :  *  Pl . : . :  = l ,

P t . t :  -  P :  t . :  i  p . . r . :  +  Pr . ' , . :  =  l l

P : . , . :  *P : . r . :  *  P* . r . :  *  P , . r . :  =  l ,

Equations Ii and l4 show that incoming tlorv tiom any of tbur roads can be spited and steered to all three. to

rwo or one outgoing l ine. This could be done by changing probabil ity values ttom 0 to l. Probabil it,v can be taken like

the opportunity of choice. Then model may be reorganized so as to minimise or maximise the desired parameter.

Solution of such equations has quite a simple form. ln general it can be as follorvs:

Here:

These equation systems are used to derive the solution tbr each section boundary point. To get I solutron it is

veD/ important to take correct rimc step of calculationA/. Time interval l/ is related to road iectionA-r. To l iet thc

risht solLrtion it is important to suslain the specii lcation i5]:

(  l l )

( l i )

(  I + )

{o : 'o '  
=k"  +dk ;

fu l *o '=v ' ,  +dv '

t  aO,  aO,  ) - ll l r r

[dk\  I  at  ov I  l@, i
<  > = - t  I  1  |
ldv \  leQ.eQ. l  l@.1

t ett cv .i

( 1 5 )

(  1 6 )



t A
l a

c, = lL <r;
Ar

(  l 7 )

In the end. such or sirnilar model could be used to solve probiems in various road intersection ccses. in

uncontrolled traffic f lorvs. and to solve problems related to traffic control in cit ies.

4.  Conclus ions

Using characteristic method and kinetic theory it is possible to make traffic l ine intersection models in quite a
simple wav and the modeis are suitable to use for solving various problems.

Intersection models in general are similar to other models. but in this case it is possible to determine the dynamic
system of long straight road sections intersecting each other.
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C FLOW DISCRETE NIODEL BASED ON HUTCHINSON EQUATION
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3lo ,ruu* modeliavimas visada buvo gan komprikuotu ir daug kanq nagrineta anksiiau skiningais maternatiniais metodais

,.rlpi"li.j pristatl.tas diskretinis metoJas. kuriame transporto srauni vra modeliuoti naudojant Hacinsono iygtl trxnspono

;;i;;;;Jrr.ijai apskai6iuoti. Transpono srauro greitis ir pats srautas apskaiOiuoti naudoiant paskaiiiuotas srauto

ioncentracij os vertes'

i#:m moclering is quite compricaololl i'.'r*'r:ii,'.::i'1T-1-o:t.1',;',':.:1"i1:,:Y:: :'i:i:T'::.*.1.;::i:'l**"t: l':"1',"'-'li[',
H",j'ilH;f;Jff;;;Jil:-i."ffi. r]o* is mo,Jer.,J using Hutchinson equadon ro srmulate concenurdon rari;unce using iimulated

fi..n*don uaffic tlou speed variance and flou variance itself is simulated'

reyWOnOS' modeling. tralfic flows. mathematicd metiods

FJ

.;r,;: '

lntroduction

From *re early beginning rrattlc tlorv modeiing has ditllculties related on reliability. Various mathematical models

and integer methods were used. lvlost of rhem rvere based on Kinetic traitlc tlow theory. neural nelur-'rks and tuzz;"

logic theory or some other. r - - ,,.: -
Here In our marhematical mo,Jel rve are usins Hutchinson equation [1.2.3] and solving equatlons s!stem uslns

Euler method. This quite simple way grvcs us possibii i t-v of morleling traif ic t ' lows on suaight road sections or on sueet

networks.

Hutchinson equation based model

To derive tratfic tlow using Hutchinson tquation at tlrs is necessary to derive traftic line ud boundarl' condititlns'

In our model modeled traffic sestion is divitled in to sections. Trafl-rc line segment is taken as a straight one-rvav tratllc

l ine the length of wirch rs l, and consranr tirr all road segments. This segment tiom both ends intersects neighbttrrng

segments and on rntersection points the boundary conditicrns are the same. First and the last points of lll rattic line have

different description. This is t.."ur. of second. Firs poinr of the modeled ro;rd interval is data input point rind the last

one is the output point. Depending on input and output intbrmation various trafhc times depended situations could be

modeled. These are the points with parameters thal are known all rhe inrestigating time and could bc constant or t imc

depended. According this intbrmation rhe rJisrnbution on road section betrveen these points could be derired'

To derive such model wc ue using t 'quations slsrem [1' 1' 3]:
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here. -I, - trall lc concenlration 6n flrad segnlenl I '  rn '. i- nrax possibie concentration tln road sesment l '  -{ '  i  -

concenrat ion on road segment  ia t  t ime step t - r ,  r -  cL)nstant .  s-  constant . ,  - road segments quant i t ) "  Parameter

L

-x-., in each potnr ls coupled all simulation rime ancl atier clelay time r = 
? 

tt used in equations' This is donc because

of concrit ion thar paramerers in rwo dirTerent nerghborh.od points can not change immediatell ' . Ch;rnges fronr one pornt

t ravelstoanotherat t imeStep'whichciepends()navela-gctra l f ic f . Ic twspeed.
To calculare uaffic f lo* r 'elocitl on each point equation 2 is used [' l '81:

t ' t  \
. ,  I  - ' r o \ . r  l .  r

\ ' , =  A I n l  -  i l  = I . . / l :

\ ' - t i  )

here 2 constant depending on fltlu paraneters'

Toprevent cell overtl l i ing in lammed siruations equations system (l) has such limitation:

[ r , 2 . t , * , . -+ , \ i = . { ro ,  ( 3 )
1
[e ise, ->r i= . r i ;

Separate case when rhe traffic f lo$ in tjnal point is t ime depended are derived in equation ('1)' Here in equation of

final point t ime depended variable -t"" is inserted'
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( l )

Traff ic f lo* ' is calculated using general '  s 'el l  known equation [1'  5'  6'  8'  9]:

, .  
' - t  '

' 7 ;  - ' t - ' i

Herer , - t rat t ]c l lor r 'speed.x- t ra i f ic f lo l r 'concentrat lonetroadsegmcnt .

Simulation parameters are as follows: L=50m. n = 10' '{nu*.i = 0'18 ' constants values r and s depends on road

rraffic conditions and needs improvemenr relared with real raffic f lorv measurements. To solve the equction svstem

Euler  method is  used [ l ] .
In figures beiou simulation resuits are short'n'

As figures shows tratfic f lo*,h$ srablc and clear inrerval and onlv near jammed section qulte big disturbances are

receivecl. Atier some small t ime inter'al. abour these disrurbances comes to stable jammed state Disturbance lime step

is not big and depends on road segrnent lencth. Dependence on other parameters alst, takes effect' but ttl have clear

resuits experimental data is needed'
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Conclusions

l .  Sinrulation resulrs sho$ that such model with a few limitations uorks quite well '  In figures -1 5' 6 raffic

jam situatittn ancl on time interval close to jammed flow state unstable equil ibrium is seen'

]. Dela1, t ime of pu.ameters is computed. ,o ir i, possible to model uaffic rvar'es. Also model could ruork

$.hen road secments are short so it is usable to model traffic network in r cttres'
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TRANSPORTO SRAUTŲ MODELIAVIMO TIESIOJE  
KELIO ATKARPOJE KRITINIAI MOMENTAI 
 

Raimundas JUNEVIČIUS 
Vilniaus Gedimino technikos universiteto Transporto inžinerijos fakulteto 
Transporto technologinių įrenginių katedros doktorantas 
Marijonas BOGDEVIČIUS 
Vilniaus Gedimino technikos universiteto Transporto inžinerijos fakulteto 
Transporto technologinių įrenginių katedros profesorius 

 
1. Įvadas 
 

Modeliuojant transporto srautus, dėl ypatingų proceso savybių kyla įvairių pro-
blemų juos aprašant matematiškai. Pasirinkus modelio tipą, be kitų parametrų, tokių 
kaip greitis, kritinė koncentracija, vairuotojo elgesys, kurie pirmiausia pabrėžiami 
modelius sudarančių autorių darbuose [1, 2, 3, 4, 5, 6], labai svarbu tinkamai nustaty-
ti ir tarpusavyje suderinti pradinius parametrus sprendžiant transporto srautų uždavi-
nius.  

Toliau tekste nagrinėjamas kinetine dujų judėjimo teorija paremtas transporto 
srautų modelis, sprendžiamas charakteristikų metodu. Atkreipiamas dėmesys į pro-
bleminius uždavinio sprendimo momentus. Aptariamas pasitelkiamų pataisų tikslin-
gumas ir nurodoma jų teigiama įtaka sprendimo rezultatui. 

 
2. Modeliavimo ypatumai 
 

Sudarytas transporto srauto modelis tiesioje kelio atkarpoje. Kinetinis transporto 
srautų modelis aprašomas lygtimis [3]: 
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čia k − eismo srauto koncentracija; V − transporto srauto judėjimo greitis; Θ− grei-
čio dispersija; x – kelio taško koordinatė; v – automobilio judėjimo greitis. 

Atitinkamai pertvarkius lygtis gaunamos pliusinė ir minusinė charakteristikos, 
kurios naudojamos sudarant sistemos spremdinius: 
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Integruojant šias lygtis pagal koncentracijos dk ir greičio dv pokyčius  gaunami 

du lygčių sistemos sprendiniai: 
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čia 
xdt

dVg
v ∂

Θ∂
−=   − transporto srauto greičio pokytis. 

 
Sprendžiant uždavinį, būtina pasirinkti pakankamai didelę kelio atkarpą ir ja 

suskaidyti į baigtinius vienodo ilgio kelio segmentus. Kiekvienam segmento taškui 
formuojamos tokios lygčių sistemos: 
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Toliau charakteristikų metodu sprendžiant šias lygtis būtina tinkamai aprašyti 

kraštines sąlygas. Viena iš standartinių uždavinio formų užrašoma taip. Pirmame 
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taške pasirenkamas pastovus greitis ir šio taško reikšmė tokiu laiko momentu skai-
čiuojama iš minusinės charakteristikos. Paskutiniame nagrinėjamo kelio ruožo taške 
pasirenkama pastovi, maksimaliai leistina, koncentracija, o greitis šiame taške prily-
ginamas 0. Galinio taško reikšmės esti tokios, nes pasirenkama prielaida, jog esant 
ribinei koncentracijai transporto priemonių judėjimas negalimas. 

Dar viena sąlyga norint gauti patikimus rezultatus reikalauja tarpusavyje sude-
rinti kelio atkarpos segmento xΔ  ir laiko žingsnio tΔ  reikšmes. Čia naudojama Ku-
ranto sąlyga, kuri taikoma sprendžiant uždavinius charakteristikų metodu [2]: 

 

V
xt Δ

<Δ .              (9) 

 
Išsamiau  nagrinėjant lygtis pastebima, jog labai svarbu tinkamai pasirinkti šiuos 

transporto srautų lygčių parametrus: tai V − transporto srauto greičio vidurkis ir g – 
transporto srauto greičio pokytis. 

Vidutinis srauto greitis, kuris autorių [3, 4, 5] darbuose dažnai sutinkamas kaip 
transporto srauto greičio vidurkis ar vidutinė greičio reikšmė, turėtų būti imamas kaip 
didžiausias galimas transporto srauto greitis. Ši prielaida kyla iš tokių sąlygų: spren-
džiant charakteristikų metodu būtina pasitelkti pastovų laiko žingsnį tΔ  ir pastovaus 
ilgio kelio segmentą xΔ . Lygtyse naudojamas parametras 22 vV −=Θ , kurio iš-
raiška savo prasme yra tapati dispersijai. Lygtyse naudojamas maksimalus galimas 
srauto greitis čia yra tapatus greičio vidurkiui. Statistikoje nagrinėjant normalinį 
skirstinį  apie šį dydį pasiskirsto galimos kintamųjų reikšmės, o gautas greičio vidur-
kis įgyja didžiausią reikšmę. Be to, tyrimais pagrįsta greičio ir koncentracijos pri-
klausomybė rodo, kad šią priklausomybę galima aprašyti lognormaliniu skirsti-
niu [3]. Dėl šios priežasties patogu greičio vidurkį V naudoti nustatant laiko žingsnį 

tΔ . Kitas svarbus žingsnis modeliuojant srautus yra sudaryti tinkamą greičio ir kon-
centracijos priklausomybę. Pastebima, jog tais atvejais, kai nagrinėjamas kelio atkar-
pos taškas yra toli nuo nagrinėjamo kelio ruožo pabaigos, greičio priklausomybė nuo 
koncentracijos yra artima bandymais nustatytajai [4], tačiau nėra tinkama, nes tam 
tikru laiko momentu didėjant koncentracijai pradeda didėti ir transporto srauto grei-
tis. Tai prieštarauja bandymais nustatytai priklausomybei. Modelis gaunamas nepa-
kankamai tikslus. Tokio netikslumo priežastis yra nevertinamas arba netiksliai verti-
namas greičio pokytis g. Šį sprendinio netikslumą galima pašalinti į lygtis įvedant 
greičio pasiskirstymo funkciją f [4]. Parenku eksponentinę greičio pasiskirstymo 
funkciją: 
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v
f

f
γλ +

= 0 ;             (11)  

 
čia krib – ribinė koncentracija, kai automobiliai maksimaliai užpildo kelio ruožą ir 
sudaro spūstis. .tΔ=τ  
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Dabar greičio pokytį g galima išreikšti išraiška: 
 

t
ff

g
Δ
−

= 0 .             (15) 

 
Atlikus matematinį eksperimentą gaunami tokie rezultatai (1, 2, 3, 4, 5 pav.): 
 

 
1 pav. Koncentracijos priklausomybė nuo laiko taške i 

 

 
2 pav. Greičio priklausomybė nuo laiko taške i 
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3 pav. Greičio priklausomybė nuo koncentracijos taške i 

 

 
4 pav. Greičio priklausomybė nuo laiko visoje kelio atkarpoje 

 

 
5 pav. Koncentracijos priklausomybė nuo laiko visame kelio intervale 

 
3. Išvados 
 

Modeliavimo rezultatas atlikus pakeitimus atitinka bandymais patvirtintus rezul-
tatus [4], tačiau nėra visiškai tikslus greičiui artėjant prie nulio, o koncentracijai artė-
jant prie ribinės koncentracijos. Pageidautinas rezultatas pasiektas atlikus tokius pa-
keitimus: suvienodinus laiko žingsnio pokytį, įvedus eksponentinę greičio pasiskirs-
tymo funkciją į sprendinį ir tiksliau aprašius greičio pokytį.    
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